The first terms in the expansion of the Bergman kernel in higher
  degrees: mixed curvature case by Wang, Yong
ar
X
iv
:1
40
7.
48
68
v2
  [
ma
th.
DG
]  
25
 A
ug
 20
14
The first terms in the expansion of the
Bergman kernel in higher degrees: mixed
curvature case
Yong Wang
Abstract
We establish the cancellation of the first |2j−q| terms in the diagonal asymp-
totic expansion of the restriction to the (0, 2j)-forms of the Bergman kernel asso-
ciated to the modified spinc Dirac operator on high tensor powers of a line bundle
with mixed curvature twisted by a (non necessarily holomorphic) complex vector
bundle, over a compact symplectic manifold. Moreover, we give a local formula
for the first and the second (non-zero) leading coefficients which generalizes the
Puchol-Zhu’s results.
Keywords: Modified spinc Dirac operator; Bergman kernel; Asymptotic ex-
pansion
MSC(2010): 58J35, 32L10
1 Introduction
The study of the asymptotic expansion of Bergman kernel has attracted much at-
tention recently. The existence of the diagonal asymptotic expansion of the Bergman
kernel of high tensor powers of a positive line bundle over a compact complex mani-
fold was first established by Tian [Ti], Ruan [Ru], Catlin [Ca], and Zelditch [Ze]. Tian
[Ti], followed by Lu [LuZ] and Wang [Wa], derived explicit formulae for several terms
of the asymptotic expansion on the diagonal, via Tian’s method of peak sections.
Using Bismut-Lebeau’s analytic localization techniques, Dai, Liu, and Ma [DLM]
established the full off-diagonal asymptotic expansion of the Bergman kernel of the
Spinc Dirac operator associated with high powers of a Hermitian line bundle with
positive curvature in the general context of symplectic manifolds. Moreover, they
calculated the second coefficient of the expansion in the case of Ka¨hler manifolds.
Later, Ma and Marinescu [MM08] studied the expansion of generalized Bergman ker-
nel associated with Bochner Laplacians and developed a method of formal power
series to compute the coefficients. By the same method, Ma and Marinescu [MM06,
Theorem 2.1] computed the second coefficient of the asymptotic expansion of the
Bergman kernel of the Spinc Dirac operator acting on high tensor powers of line bun-
dles with positive curvature in the case of symplectic manifolds.
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Recently, this asymptotic in the symplectic case found an application in the study
of variation of Hodge structures of vector bundles by Charbonneau and Stern in [CS].
In their setting, the Bergman kernel is the kernel of a Kodaira-like Laplacian on a
twisted bundle L⊗E, where E is a (not necessarily holomorphic) complex vector bun-
dle. Because of that, the Bergman kernel no longer concentrates in degree 0 (unlike
it did in the Ka¨hler case), and the asymptotic of its restriction to the (0, 2j)-forms
is related to the degree of non-holomorphicity of E. In [PZ], Puchol and Zhu showed
that the leading term in the asymptotic of the restriction to the (0, 2j)-forms of the
Bergman kernel is of order pdimX−2j for Ka¨hler manifolds and they computed the
first and the second terms in this asymptotic. In [LuW1], Lu calculated the second
coefficient of the asymptotic expansion of the Bergman kernel of the Hodge-Dolbeault
operator associated with high powers of a Hermitian line bundle with non-degenerate
curvature, using the method of formal power series developed by Ma and Marinescu.
In this paper, we extend the Puchol-Zhu’s results to the non-degenerate curvature
case.
Let (X,J) be a compact connected complex manifold with complex structure J
and dimCX = n. Let (L, h
L) be a holomorphic Hermitian line bundle on X, and let
∇L be the Chern connection of (L, hL) with the curvature RL = (∇L)2.
Our basic assumption is that ω =
√−1
2pi R
L defines a symplectic form on X.
The complex structure J induces a splitting TX⊗RC = T (1,0)X⊕T (0,1)X, where
T (1,0)X and T (0,1)X are the eigenbundles of J corresponding to the eigenvalues
√−1
and −√−1. Since the J-invariant bilinear form ω(·.J ·) is nondegenerate on TX, there
exist J-invariant subbundles denoted V, V ⊥ ⊂ TX such that
ω(·.J ·)|V < 0, ω(·.J ·)|V ⊥ > 0 (1.1)
and V, V ⊥ are orthogonal with respect to ω(·.J ·). Equivalently, there exist subbundles
W,W⊥ ⊂ T (1,0)X such that W ⊕W⊥ = T (1,0)X, W,W⊥ orthogonal with respect to
ω and
RL(u, u) < 0, for u ∈W ; RL(u, u) > 0, for u ∈W⊥. (1.2)
Set rankW = q. Then the curvature RL is non-degenerate of signature (q, n − q).
Now take the Riemannian metric gTX on X to be
gTX := −ω(·.J ·)|V ⊕ ω(·.J ·)|V ⊥ . (1.3)
Since ω is compatible with the complex structure J , the metric gTX is also compatible
with J . Note that (X, gTX ) is not necessarily Ka¨hler. Denote by 〈·, ·〉 the C-bilinear
form on TX⊗RC induced by gTX . Note that 〈·, ·〉 vanishes on T (1,0)X×T (1,0)X and
on T (0,1)X × T (0,1)X.
Let ∇TX denote the Levi-Civita connection on X and RTX , rX denote the curva-
ture and the scalar curvature of (TX, gTX ). The metric gTX induces a Hermitian met-
ric hT
(1,0)X on T (1,0)X and a metric h∧0,· on ∧0,·(T ∗X) := ∧·(T (0,1)X). Let ∇T (1,0)X
denote the Chern connection on (T (1,0)X,hT
(1,0)X) whose curvature is RT
(1,0)X and
∇T (1,0)X induces a Chern connection ∇det(T (0,1)X) on det(T (0,1)X) := ∧nT (0,1)X. Let
(E, hE) be a Hermitian complex vector bundle with a Hermitian connection ∇E,
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whose curvature is RE = (∇E)2. Let Lp = L⊗p be the pth tensor power of L and
Ω0,•(X,Lp ⊗ E) = Γ(X. ∧0,• (T ∗X)⊗ Lp ⊗ E). We still denote by 〈·, ·〉 be the fibre-
wise metric on ∧0,•(T ∗X) ⊗ Lp ⊗ E induced by gTX , hL, and hE . Let dνX be the
Riemannian volume of (X, gTX ). The L2-scalar product on Ω0,•(X,Lp ⊗ E) is given
by
〈s1, s2〉 =
∫
X
〈s1(x), s2(x)〉 dνX(x). (1.4)
The Chern connection ∇T (1,0)X on T (1,0)X induces naturally a Hermitian connec-
tion ∇T (0,1)X on T (0,1)X. Set
∇˜TX = ∇T (1,0)X ⊕∇T (0,1)X . (1.5)
Then ∇˜TX is a Hermitian connection on TX⊗RC which preserves the decomposition
TX⊗RC = T (1,0)X⊕T (0,1)X. We still denote by ∇˜TX the induced connection on TX.
Let T be the torsion of the connection ∇˜TX , and let Tas be the anti-symmetrization
of the tensor T , i.e., for U, V,W ∈ TX,
Tas(U, V,W ) = 〈T (U, V ),W 〉+ 〈T (V,W ), U〉 + 〈T (W,U), V 〉 . (1.6)
Denote by SB the 1-form with values in the space of antisymmetric elements of
End(TX) which satisfies for U, V,W ∈ TX,
〈SB(U)V,W 〉 = −1
2
Tas(U, V,W ). (1.7)
Then the Bismut connection on TX is defined by
∇B = ∇TX + SB . (1.8)
By [Bi, Prop. 2.5], ∇B preserves the metric gTX and the complex structure J of TX.
For any v ∈ TX ⊗R C with decomposition v = v1,0 + v0,1 ∈ T (1,0)X ⊕ T (0,1)X,
let v∗1,0 be the 〈·, ·〉 dual of v1,0. Then c(v) =
√
2(v∗1,0 ∧ −iv0,1) defines the Clifford
action of v on ∧(T ∗(0,1)X), where ∧ and i denote the standard exterior and interior
multiplication, respectively. Let ∇Cl denote the Clifford connection on ∧(T ∗(0,1)X)
induced canonically by ∇TX and ∇det(T (1,0)X). If e1, · · · , e2n denotes an orthonormal
frame of T ∗X, then define
c(ei1 ∧ · · · ∧ eij ) = c(ei1) · · · c(eij ), for i1 < · · · < ij . (1.9)
In this sense cB is defined for any B ∈ ∧∗(T ∗X)⊗R C by extending C-linearity. Take
U ∈ TX, Let
∇B,∧0,•U = ∇ClU −
1
4
c(iUTas) (1.10)
denote the Hermitian connection on ∧(T ∗(0,1)X) induced by ∇Cl and Tas. Then
∇B,∧0,• is the Clifford connection on the spinor bundle ∧(T ∗(0,1)X) induced by ∇B
on TX and ∇det(T (1,0)X) on det(T (1,0)X). The connection ∇B,∧0,• preserves the Z-
grading of ∧0,•(TX). Let w1, · · · , wn be an orthonormal frame of T (1,0)X, Then
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(w1, · · · , wn) is a local orthonormal frame of T (0,1)X whose dual frame is denoted by
(w1, · · · , wn) and the vectors
e2j =
1√
2
(wj + wj), e2j−1 =
√−1√
2
(wj − wj) (1.11)
form a local orthonormal frame of TX. Set
∇TXej = ΓTXej , ∇det(T (1,0)X)(w1 ∧ · · · ∧wn) = Γdet(T (1,0)X)(w1 ∧ · · · ∧wn). (1.12)
By [MM07, (1.3.5)], we have that ∇∧0,• , ∇B,∧0,• is given, with respect to the frame
{wj1 ∧ · · · ∧ wjk , 1 ≤ j1 < · · · < jk ≤ n} of ∧(T ∗(0,1)X), by the local formula
respectively
d+
1
4
〈
ΓTXei, ej
〉
c(ei)c(ej) +
1
2
Γdet(T
(1,0)X);
d+
1
4
〈
ΓTXei, ej
〉
c(ei)c(ej) +
1
2
Γdet(T
(1,0)X) − 1
4
c(i•Tas). (1.13)
Let ΓB,∧0,• be the connection 1-form of ∇B,∧0,• , i.e.,
ΓB,∧
0,•
=
1
4
〈
ΓTXei, ej
〉
c(ei)c(ej) +
1
2
Γdet(T
(1,0)X) − 1
4
c(i•Tas). (1.14)
Denote by ∇Lp⊗E the Hermitian connection on Lp ⊗ E induced by ∇L and ∇E . Set
∇∧0,•⊗Lp⊗E = ∇∧0,•⊗1+1⊗∇Lp⊗E; ∇B,∧0,•⊗Lp⊗E = ∇B,∧0,•⊗1+1⊗∇Lp⊗E . (1.15)
Then∇∧0,•⊗Lp⊗E and ∇B,∧0,•⊗Lp⊗E are Hermitian connections on ∧0,•(TX)⊗Lp⊗E.
Define the modified spinc Dirac operator by
DBp :=
2n∑
j=1
c(ej)∇∧0,•⊗Lp⊗Eej −
1
4
c(Tas), (1.16)
which is a first order elliptic self-adjoint differential operator.
Definition 1.1 Let
Pp : Ω
(0,•)(X,Lp ⊗ E)→ ker(DBp ) (1.15)
be the orthogonal projection onto the kernel ker(DBp ) of D
B
p . The operator Pp is
called the Bergman projection. It has a smooth kernel with respect to dνX(y), de-
noted by Pp(x, y), which is called the Bergman kernel.
We recall
Theorem 1.2 ([MM07, Thm. 8.2.4]) There exist smooth sections br of End(∧0,even(T ∗X)⊗
E) such that for any k ∈ N and for p→ +∞:
p−nPp(x, x) =
k∑
r=0
br(x)p
−r +O(p−k−1), (1.17)
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that is for every k, l ∈ N, there exists a constant Ck,l > 0 such that for any p ∈ N,∣∣∣∣∣p−nPp(x, x)−
k∑
r=0
br(x)p
−r
∣∣∣∣∣
Ll(X)
≤ Ck,lp−k−1. (1.18)
Here | · |Ll(X) is the Ll-norm for the variable x ∈ X.
Let R = (RE)0,2 ∈ Ω(0,2)(X,End(E)) be the (0, 2)-part of RE (which is zero if E
is holomorphic). Let
R = R⊤ +R0 +R⊥, (1.19)
where R⊤ ∈ Γ(X,∧2(W ∗) ⊗ End(E)), R0 ∈ Γ(X,W ∗ ⊗ W ∗⊥ ⊗ End(E)), R⊥ ∈
Γ(X,∧2(W ∗⊥)⊗ End(E)). For 1 ≤ j ≤ n, let
Ij : ∧0,•(T ∗X)⊗ E → ∧0,j(T ∗X)⊗ E (1.20)
be the natural orthogonal projection. Let Idet(W ∗)⊗E denote the projection on det(W
∗
)⊗
E. For j, k, l ∈ N, we define Bk,jl for k ≤ j by
Bk,jl :=
1
(2k + l)× · · · × (2j + l) ; B
k,0
l = 1. (1.21)
Then we have
Theorem 1.3 For any k ∈ N, k ≥ 2j, we have when p→ +∞:
p−nI2jPp(x, x)I2j =
k∑
r=2j
I2jb|r−q|(x)I2jp−|r−q| +O(p−|k−q|−1), (1.22)
and moreover, when 2j ≥ q
I2jb2j−q(x)I2j =
1
(4pi)2j−q
(B
1,j− q
2
0 )
2I2j(R⊥x )j−
q
2 Idet(W ∗)⊗E(R⊥,∗x )j−
q
2 I2j, (1.23)
where R⊥,∗x is the dual of R⊥x acting on (∧0,•(T ∗X)⊗ E)x. When 2j < q
I2jbq−2j(x)I2j =
1
(4pi)q−2j
(B
1, q
2
−j
0 )
2I2j(R⊤,∗x )
q
2
−jIdet(W ∗)⊗E(R⊤x )
q
2
−jI2j. (1.24)
Let J : TX → TX be the almost complex structure defined by
ω(U, V ) = gTX(JU, V ) for U, V ∈ TX. (1.25)
Then J commutes with J. Let w1, · · · , wn be an orthonormal frame of (T (1,0)X,hT (1,0)X)
such that the subbundle W is spanned by w1, · · · , wq, and let w1, · · · , wq be the dual
frame. Then
Jwj = −
√−1wj, for j ≤ q; Jwj =
√−1wj , for j ≥ q + 1. (1.26)
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Let T
(1,0)
J
X and T
(0,1)
J
X be the eigenbundles of J corresponding to the eigenvalues√−1 and −√−1 respectively. Set
ul = wl if l ≤ q and ul = wl otherwise. (1.27)
Then u1, · · · , un forms an orthonormal frame of the subbundle T (1,0)J X We denote by
u1, · · · , un its dual frame. Then
ω =
√−1
n∑
l=1
ul ∧ ul. (1.28)
For m,k, l ∈ N, we define Cm(k) for k ≤ m by
Cm(k) :=
1
(4pi)m
1
2kk!
1∏m
s=k+1(2s+ 1)
, (1.29)
with the convention that
∏
s∈∅ = 1. Let △∧
0,•⊗E be the Laplacian induced by
∇∧0,•⊗E . and J˜ = −2pi√−1J. Denote by R∧0,•,B and Rdet the curvature associated
to the connections ∇∧0,•,B and ∇det. If e1, · · · , e2n denotes an orthonormal frame of
TX, then set
|A1|2 =
∑
i<j<k
|A1(ei, ej , ek)|2 for A1 ∈ ∧3(T ∗X). (1.30)
Define
A(Y,U, V ) :=
〈
(∇TXY J˜)U, V
〉
; (∇X∇X J˜)(U,V ) = ∇XU∇XV (J˜)−∇X∇XU V (J˜); (1.31)
Ψ(X0, Y, U, V ) = −1
9
〈
(∇TXX0 J˜)Y, (∇TXU J˜)V
〉
; (1.32)
Ψ̂(X0, Y, U, V ) =
1
2
〈
(∇TX∇TX)(X0,Y )U, V
〉
+
1
6
[〈
RTX(X0, V )Y, J˜U
〉
−
〈
RTX(X0, U)Y, J˜V
〉]
; (1.33)
Φ(U, V ) =
1
2
〈
(∇X∇X J˜)(U,V )ul, ul
〉
. (1.34)
Write
Ajlr = A(uj , ul, ur); Aerler = A(er, ul, er);
Ψjlrs = Ψ(uj , ul, ur, us); Ψ̂jlrs = Ψ̂(uj , ul, ur, us). (1.35)
Theorem 1.4 When n = 4, j = 2 and q = 2, we have
I4b3(x)I4 = I + II + III + IV + V, (1.36)
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where
I =
1
1152pi3
I4(∇∧0,•⊗Eul R.)⊥(x)Idet(W ∗)⊗E
[
(∇∧0,•⊗Eul R.)⊥(x)
]∗
I4, (1.37)
II =
1
768pi3
I4(△∧0,•⊗ER.)⊥(x)Idet(W ∗)⊗E(R⊥x )∗I4
+
1
768pi3
I4R⊥x Idet(W ∗)⊗E(△∧
0,•⊗ER.)⊥,∗(x)I4. (1.38)
III is determined by (4.11), (4.34), (4.37), (4.76), (4.79)-(4.83). IV is determined
by (4.198), (4.212), (4.214), (4.215), (4.222), (4.223), (4.225), (4.226), (4.229),
(4.230), (4.232). V is determined by (4.86), (4.151)-(4.153), (4.159), (4.162)-(4.172),
(4.182), (4.183), (4.189), (4.194)-(4.197).
This paper is organized as follows: in Section 2 we use a local trivialization to
rescale (DBp )
2, and then give the Taylor expansion of the rescaled operator. In Section
3, we use this expansion to give a formula for the coefficients br. Finally, in Section
4, we prove Theorem 1.4. In this whole paper, when an index variables appears twice
in a single term, it means that we are summing over all its possible values.
2 Rescaling (DBp )
2 and Taylor expansion
In this Section, we will give a formula for the square of (DBp )
2, then rescale the
operator (DBp )
2 to get an operator Lt, and give the Taylor expansion of the rescaled
operator. We also study more precisely the limit operator L0.
Let the Laplacian
△B,∧0,•⊗Lp⊗E = −
2n∑
j=1
[
(∇B,∧0,•⊗Lp⊗Eej )2 −∇B,∧
0,•⊗Lp⊗E
∇TXej ej
]
. (2.1)
Then by [MM07, Thm 1.3.7], we have
(DBp )
2 = △B,∧0,•⊗Lp⊗E+1
2
pRL(ei, ej)c(ei)c(ej)+
rX
4
+c(RE+
1
2
Rdet)−1
4
c(dTas)−1
8
|Tas|2.
(2.2)
For any skew-adjoint endomorphism A of TX, it holds that
1
4
〈Aei, ej〉 c(ei)c(ej) = −1
2
〈Awj, wj〉+ 〈Awl, wm〉wm ∧ iwl
+
1
2
〈Awl, wm〉 iwliwm +
1
2
〈Awl, wm〉wl ∧ wm ∧ . (2.3)
On Ω0,•(X), we define the operator ωd,x by
ωd,x = −2pi
q∑
l=1
iwl ∧ wl − 2pi
n∑
l=q+1
wl ∧ iwl . (2.4)
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By (2.2)-(2.4) and (1.27), (1.28) and the fundamental assumption, we get
Proposition 2.1 It holds that
(DBp )
2 = △B,∧0,•⊗Lp⊗E − (RE + 1
2
Rdet)(wl, wl) +
rX
4
− 2pipn− 2pωd − 1
4
c(dTas)
−1
8
|Tas|2+2(RE+1
2
Rdet)(wl, wm)w
m∧iwl+RE(wl, wm)iwliwm+RE(wl, wm)wl∧wm∧.
(2.5)
Fix x0 ∈ X and wj an orthonormal basis of T (1,0)x0 X, with dual basis wj , and we
construct an orthonormal basis {el} of Tx0X from {wj} as in (1.11). For ε > 0, we
denote by BX(x0, ε) and B
Tx0X(0, ε) the open balls in X and Tx0X with center x0
and 0 and radius ε respectively. If expXx0 is the Riemannian exponential of X, then
for ε small enough, Z ∈ BTx0X(0, ε) → expXx0(Z) ∈ BX(x0, ε) is a diffeomorphism,
which gives local coordinates by identifying Tx0X with R
2n via the orthonormal basis
{el}:
(Z1, · · · , Z2n) ∈ R2n 7→
∑
l
Zlel ∈ Tx0X. (2.6)
From now on, we will always identify BTx0X(0, ε) and BX(x0, ε). Note that in this
identification, the radial vector field R =∑l Zlel becomes R = Z, so Z can be viewed
as a point or as a tangent vector.
For Z ∈ BTx0X(0, ε), we identify (LZ , hLZ), (EZ , hEZ ) and (∧0,•(T ∗X)Z , h∧
0,•
Z ) with
(Lx0 , h
L
x0
), (Ex0 , h
E
x0
) and (∧0,•(T ∗X)x0 , h∧
0,•
x0
) by parallel transport with respect to
the connection ∇L, ∇E and ∇∧0,•,B. Let SL be a unit vector of Lx0 . It gives
an isometry Lpx0 ≃ C, which yields to an isometry Ep := ∧0,•(T ∗X) ⊗ Lp ⊗ E ≃
∧0,•(T ∗X) ⊗ E. Let dνTX be the Riemannian volume form of (Tx0X, gTx0X), and
κ(Z) be the smooth positive function defined for |Z| ≤ ε by
dνX(Z) = κ(Z)dνTX(Z), (2.7)
with κ(0) = 1.
Definition 2.2 We denote by ∇U the ordinary differentiation operator in the direc-
tion U on Tx0X. For s ∈ Γ(R2n,Ex0), and for t = 1√p , set
(Sts)(Z) = s(Z/t),
∇Bt = tS−1t κ
1
2∇Cl0,Bκ− 12St,
∇0,. = ∇. + 1
2
RLx0(Z, ·), (2.8)
Lt = t2S−1t κ
1
2 (DBp )
2κ−
1
2St,
L0 = −(∇0,ej)2 − 2npi − 2ωd,x0 .
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Let || · ||L2 be the L2-norm induced by hEx0 and dνTX , we have
Theorem 2.3 There exist second order formally self-adjoint (with respect to || · ||L2)
differential operators Or with polynomial coefficients such that for all m ∈ N,
Lt = L0 +
m∑
r=1
trOr +O(tm+1) (2.9)
Furthermore, each Or can be decomposed as
Or = O0r +O+2r +O−2r , (2.10)
where Okr changes the degree of the form which it acts on by k.
Proof. By (5.22) in [LuW1], we have
1
4
c(dTas) =
1
8
dTas(wi, wi, wj , wj)− 1
2
dTas(wi, wj , wk, wk)w
j ∧ iwi
+
1
4
dTas(wi, wj , wk, wl)w
k ∧ wl ∧ iwiiwj . (2.11)
So 14
c(dTas) preserves the degree of ∧0,•(T ∗X). By ∇B(J) = 0, we know that ∇Cl,B
also preserves the degree of ∧0,•(T ∗X). By Proposition 2.1, similar to the proof of
Theorem 1.8 in [PZ], we can prove this theorem. ✷
Recall Theorem 3.5.1 in [LuW2], we may get
Theorem 2.4 It holds that
O1 = −2
3
(∂sR
L)x0(R, ei)Zs∇0,ei −
1
3
(∂sR
L)x0(R, es)−pi
√−1 〈(∇BRJ)ei, el〉 c(ei)c(el),
(2.12)
O02 =
1
3
〈
RTXx0 (R, ei)R, es
〉∇0,ei∇0,es + [23 〈RTXx0 (R, es)es, ei〉
−
1
2
∑
|α|=2
(∂αR
L)x0
Zα
α!
+REx0 +R
∧0,•,B
x0
 (R, ei)
∇0,ei
−1
4
∇es
∑
|α|=2
(∂αR
L)x0(R, es)
Zα
α!

−1
9
∑
i
[∑
s
(∂sR
L)x0(R, ei)Zs
]2
+
[
−(RE + 1
2
Rdet)(wl, wl) +
rX
4
− 1
4
c(dTas)
9
−1
8
|Tas|2 + 2(RE + 1
2
Rdet)(wl, wm)w
m ∧ iwl
]
(x0)
+
1
12
[∑
s
(∇0,es)2,
〈
RTXx0 (R, el)R, el
〉]
−pi
2
√−1 〈(∇B∇BJ)(R,R)ei, el〉 c(ei)c(el) (2.13)
O+22 = Rx0 , O−22 = (Rx0)∗. (2.14)
In the following, we will study the limit operator L0. We introduce the complex
coordinates ξ = (ξ1, · · · , ξn) on Cn ≃ R2n. We get Z = ξ + ξ, wj =
√
2 ∂
∂ξj
and
wj =
√
2 ∂
∂ξj
. We will identify ξ to
∑
j ξj
∂
∂ξj
and ξ to
∑
j ξj
∂
∂ξj
when we consider ξ
and ξ as vector fields. Set
z = (ξ1, · · · , ξq, ξq+1, · · · , ξn), z = (ξ1, · · · , ξq, ξq+1, · · · , ξn). (2.15)
Then
J∂zl =
√−1∂zl , J∂zl = −
√−1∂zl , for l = 1, · · · , n. (2.16)
We will identify z to
∑
j zj
∂
∂zj
and z to
∑
j zj
∂
∂zj
when we consider z and z as vector
fields. Then Z = ξ + ξ = z + z. Set uj =
√
2∂zj and
f2j =
1√
2
(uj + uj), f2j−1 =
√−1√
2
(uj − uj). (2.17)
Then {u1, · · · , un} forms an orthonormal basis of T (1,0)J,x0 X and f1, · · · , f2n is an or-
thonormal basis of Tx0X. Set
bi = −2∇0, ∂
∂zi
, b+i = 2∇0, ∂
∂zi
,
b = (b1, · · · , bn), L = −
∑
i
(∇0,ei)2 − 2pin. (2.18)
By definition, ∇0 = ∇+ 12RLx0(Z, ·), so we get
bi = −2 ∂
∂zi
+ pizi, b
+
i = 2
∂
∂zi
+ pizi, (2.19)
and for any polynomial g(z, z) in z and z,
[bi, b
+
j ] = −4piδij , [bi, bj ] = [b+i , b+j ] = 0,
[g(z, z), bj ] = 2
∂
∂zj
g(z, z), [g(z, z), b+j ] = −2
∂
∂zj
g(z, z). (2.20)
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and
L =
n∑
l=1
blb
+
l , L0 = L − 2ωd,x0 . (2.21)
Then b+l = (bl)
∗, and L, L0 are self-adjoint with respect to the L2 norm. We recall
Theorem 2.5 ([MM07, Thm. 8.2.3]) The spectrum of the restriction of L to L2(R2n)
is Sp(L|L2(R2n)) = 4piN and an orthogonal basis of the eigenspace for the eigenvalue
4pik is
bα
(
zβexp
(
−pi
2
|z|2
))
, with α, β ∈ Nn and
∑
i
αi = k. (2.22)
Especially, an orthonormal basis of ker(L|L2(R2n)) is(
pi|β|
β!
) 1
2
zβexp
(
−pi
2
|z|2
)
, (2.23)
and thus if P(Z,Z ′) is the smooth kernel of P the orthogonal projection from (L2(R2n), ||·
||0) onto ker(L) (where || · ||0 is the L2-norm associated to gTXx0 ) with respect to
dνTX(Z
′), we have
P(Z,Z) = exp
(
−pi
2
(|z|2 + |z′|2 − 2zz′)
)
. (2.24)
Now let PN be the orthogonal projection from (L2(R2n,Ex0), || · ||L2) onto N :=
ker(L0), and PN (Z,Z ′) be its smooth kernel with respect to dνTX(Z ′). From (2.21),
we have:
PN (Z,Z ′) = P(Z,Z ′)Idet(W∗)⊗E . (2.25)
3 The first coefficient in the asymptotic expansion
In this section, we will compute the first coefficient in the asymptotic expansion. By
Theorem 2.5 and (2.21), we get that for every λ ∈ S1 the unit circle in C, (λ−L0)−1
exists. Let f(λ, t) be a formal power series on t with values in End(L2(R2n,Ex0)):
f(λ, t) =
+∞∑
r=0
trfr(λ) with fr(λ) ∈ End(L2(R2n,Ex0)). (3.1)
Consider the equation of formal power series on t for λ ∈ S1:(
λ− L0 −
+∞∑
r=1
trOr
)
f(λ, t) = IdL2(R2n,Ex0). (3.2)
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By induction, we get
fr(λ) =

∑
r1 + · · ·+ rk = r
rj ≥ 1
(λ− L0)−1Or1 · · · (λ− L0)−1Ork
 (λ− L0)
−1. (3.3)
We define Fr by
Fr = 1
2pi
√−1
∫
S1
fr(λ)dλ, (3.4)
and we denote by Fr(Z,Z ′) its smooth kernel with respect to dνTX(Z ′).
Theorem 3.1([MM07, Thm 8.2.4) The following equation holds
br(x0) = F2r(0, 0). (3.5)
Proof of Theorem 1.3. Let Tr(λ) = (λ−L0)−1Or1 · · · (λ−L0)−1Ork(λ−L0)−1 be
the term in the sum (3.3) corresponding to r = (r1, · · · , rk). Let N⊥ be the orthogonal
of N in L2(R2n,Ex0), and P
N⊥ be the associated orthogonal projector. In Tr(λ), each
term (λ− L0)−1 can be decomposed as
(λ− L0)−1 = (λ− L0)−1PN⊥ + 1
λ
PN . (3.6)
Set
LN
⊥
(λ) = (λ−L0)−1PN⊥ , LN (λ) = 1
λ
PN . (3.7)
Then (λ − L0)−1, LN⊥(λ), LN (λ) preserve the degree. For η = (η1, · · · , ηk+1) ∈
{N,N⊥}k+1, let
T ηr (λ) = L
η1(λ)Or1 · · ·Lηk(λ)OrkLηk+1(λ). (3.8)
So we have
Tr(λ) =
∑
η=(η1 ,···,ηk+1)
T ηr (λ), (3.9)
F2r = 1
2pi
√−1
∑
|r| = 2r, η
rj ≥ 1
∫
S1
T ηr (λ)dλ. (3.10)
Since LN
⊥
(λ) is a holomorphic function of λ, so in (3.10), every non-zero term that
appears at least one LN (λ), that is there exists i0 such that ηi0 = N . Now fix k and
j in N. Let s ∈ L2(R2n,Ex0) be a form of degree 2j, r ∈ (N/0)k such that
∑
i ri = 2r
and η = (η1, · · · , ηk+1) ∈ {N,N⊥}k+1 such that there is a i0 satisfying ηi0 = N . We
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want to find a necessary condition for I2jT
η
r (λ)I2j to be non-zero.
Case I) all rl ≥ 2. Since Lηi0 = 1λPN , and N is concentrated in degree q, we must
have that
deg(Ori0Lηi0+1(λ)Ori0+1 · · ·Lηk(λ)OrkLηk+1(λ)I2js)
has the degree q component. But each Lηl(λ) preserves the degree and Ori for ri ≥ 2
rises or lowers the degree at most by 2, so
q ≥ 2j − 2(k − i0 + 1), 2j + 2(k − i0 + 1) ≥ q. (3.11)
Similarly, Lη1(λ)Or1 · · ·Lηk(λ)OrkLηk+1(λ)I2js must have a non-zero component in
degree 2j, then
2j ≤ 2(i0 − 1) + q, q − 2(i0 − 1) ≤ 2j. (3.12)
By (3.11) and (3.12), we have
4j ≤ 2q + 2k, 2q − 4j ≤ 2k. (3.13)
By rl ≥ 2, then 2k ≤ 2r. So
|2j − q| ≤ r. (3.14)
Case II) at least one rj = 1. We assume that l ≥ 1 and there are l1 terms Orα = O1
for k ≥ α ≥ i0 and there are l − l1 terms Orβ = O1 for 1 ≤ β ≤ i0 − 1. Suppose that
I2jT
η
r (λ)I2j 6= 0. Since Lηi0 = 1γPN , N is concentrated in degree q, we must have
deg(Ori0Lηi0+1(λ)Ori0+1 · · ·Lηk(λ)OrkLηk+1(λ)I2js) = q (3.15)
We know that Lηi(λ) and O1 preserve the degree, and Ori for ri ≥ 2 rises or lowers
the degree at most by 2, so
q ≥ 2j − 2(k − i0 + 1− l1), q ≤ 2j + 2(k − i0 + 1− l1). (3.16)
Similarly, Lη1(λ)Or1 · · ·Lηk(λ)OrkLηk+1(λ)I2js must have a non-zero component
in degree 2j and Ori for ri ≥ 2 rises or lowers the degree at most by 2, so we have
2j ≤ q + 2[i0 − 1− (l − l1)], 2j ≥ q − 2[i0 − 1− (l − l1)] (3.17)
By (3.16) and (3.17), we get 4j ≤ 2q + 2k − 2l and 2q ≤ 4j + 2k − 2l. Finally, since
2r =
∑k
i=1 ri ≥ 2(k − l) + l = 2k − l, we have 2k − l ≤ 2r. So
4j ≤ 2q + 2r − l, 2q ≤ 4j + 2r − l. (3.18)
By 1 ≤ l, then
|2j − q|+ 1
2
≤ |2j − q|+ l
2
≤ r. (3.19)
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Consequently, if r < |2j − q|, we have I2jT ηr (λ)I2j = 0, and if r = |2j − q|, only
terms in case I) contribute to I2jT
η
r (λ)I2j .
For the second part of this theorem, let us assume that we are in the limit case
where r = |2j − q|. When 2j ≥ q, by (3.13) and 2k ≤ 2r = 4j − 2q, we get k = 2j − q
and r = k. By ri ≥ 2, then ri = 2 for any i. By (3.11) and (3.12), then
i0 =
k
2
+ 1 = j + 1− q
2
, (3.20)
and similar to (2.18) in [PZ], we have
I2jF2(2j−q)I2j = I2j(L−10 O+22 )j−
q
2PN (O−22 L−10 )j−
q
2 I2j . (3.21)
Let A = I2j(L−10 O+22 )j−
q
2PN , then
I2jF2(2j−q)I2j = AA∗. (3.22)
By (2.4),(2.21) and (2.25), similar to (2.20) in [PZ], we have
A =
1
(4pi)j−
q
2
B
1,j− q
2
0 I2j(R⊥x0)j−
q
2PN . (3.23)
By (2.21) in [PZ] and (3.22),(3.23), we get (1.23). Using the same method, we have
(1.24) when 2j < q. ✷
4 The second coefficient in the asymptotic expansion
In this section, we prove Theorem 1.4. Using (3.5), we know that
I2jb2j+1−qI2j(0, 0) = I2jF4j+2−2qI2j(0, 0). (4.1)
In Section 4.1, we decompose this term into 5 terms, and then in Sections 4.2, 4.3 and
4.4, we handle them separately. For the rest of the section we fix an integer j ∈ [0, n].
For every smoothing operator F acting on L2(R2n,Ex0) that appears in this section,
we will denote by F (Z,Z ′) its smooth kernel with respect to dνTX(Z ′).
4.1. Decomposition of the problem.
For r = 2j + 1 − q, using the same discussions in Section 3 in [PZ], we see that
in I2jF4j+2−2qI2j(0, 0) there are 3 types of terms T ηb(λ) from case I) with non-zero
integral, in which:
• for k = 2j − q:
-there are 2j − 2− q Ori equal to O2 and 2 equal to O3: we will denote by I
the sum of these terms,
-there are 2j − 1− q Ori equal to O2 and 1 equal to O4: we will denote by
II the sum of these terms,
• for k = 2j + 1− q:
14
-all the Ori are equal to O2: we will denote by III the sum of these terms.
For r = 2j + 1− q, by (3.18), we have
4j ≤ 2q + 2k − 2l ≤ 2q + 2r − l = 4j + 2− l, (4.2)
then 1 ≤ l ≤ 2, and l = 1 or 2.
For l = 1, then 4j ≤ 2q + 2k − 2 ≤ 4j + 1, so k = 2j + 1 − q. By 4j + 2 − 2q =
2r =
∑k
i=1 ri and l = 1, so there are 2j − 1 − q Ori equal to O2 and 1 equal to O3
and 1 equal to O1; we will denote by IV the sum of these terms.
For l = 2, then 4j ≤ 2q + 2k − 4 ≤ 4j, so k = 2j + 2− q. By 4j + 2− 2q = 2r =∑k
s=1 rs and l = 2, so there are 2j − q Ori equal to O2 and 2 equal to O1; we will
denote by V the sum of these terms.
We have a decomposition
I2jF4j+2−2qI2j(0, 0) = I + II + III + IV + V. (4.3)
Similar to Remark 3.1 in [PZ], we know that only O±22 , O±23 and O±24 in I and II,
and not some O0ri . So by (0.13),(0.14) and (0.15) in [PZ], we get cases I, II and we
only need change j to j − q2 and change R to R⊥. Then we have
I = Ia + I
∗
a + Ib, (4.4)
if j − q2 = 0, 1, then Ia = 0, and if j − q2 ≥ 2,
Ia =
Cj− q
2
(j − q2)
2pi
I2j
j− q
2
−2∑
α=0
α∑
s=0
{
(Cj− q
2
(j − q
2
)− Cj− q
2
(α+ 1))
·R⊥j−
q
2
−(α+2)
x (∇∧
0,•⊗E
ul
R.)⊥(x)R⊥α−sx (∇∧
0,•⊗E
ul
R)⊥(x)R⊥sx
+Cj− q
2
(s)
 j− q2∏
s1=α+2
(1 +
1
2s1
)− 1
R⊥j− q2−(α+2)x (∇∧0,•⊗Eul R.)⊥(x)
R⊥α−sx (∇∧
0,•⊗E
ul
R)⊥(x)R⊥sx
}
Idet(W∗)⊗E(R⊥
j− q
2
x )
∗I2j , (4.5)
if j − q2 = 0, then Ib = 0, and if j − q2 ≥ 1,
Ib =
1
2pi
I2j
j− q2−1∑
k=0
(Cj− q
2
(j − q
2
)− Cj− q
2
(k))(R⊥x )
j− q
2
−k−1
(∇∧0,•⊗Eul R.)⊥(x)R⊥x
k

×Idet(W ∗)⊗E
j− q2−1∑
k=0
(Cj− q
2
(j − q
2
)− Cj− q
2
(k))R⊥x
j− q
2
−k−1
(∇∧0,•⊗Eul R.)⊥(x)R⊥x
k
∗ I2j,
(4.6)
II = IIa + II
∗
a, (4.7)
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if j − q2 = 0, then IIa = 0, and if j − q2 ≥ 1,
IIa =
Cj− q
2
(j − q2 )
4pi
I2j
j− q
2
−1∑
k=0
{
(Cj− q
2
(j − q
2
)−Cj− q
2
(k))
·(R⊥x )
j− q
2
−(k+1)
x (△∧0,•⊗ER.)⊥(x)(R⊥x )k
}
Idet(W ∗)⊗E((R⊥x )j−
q
2 )∗I2j . (4.8)
4.2 The term involving only O2
Lemma 4.1 Any term T ηr appearing in the term III (with non-vanishing integral)
has three types, III0: terms with ηj− q
2
+1 = ηj− q
2
+2 = N and other ηi = N
⊥, IIIa:
terms with ηj− q
2
+1 = N and other ηi = N
⊥, IIIb: terms with ηj− q
2
+2 = N and other
ηi = N
⊥. We have:
III0 =
j− q
2∑
l=1
(L−10 O+22 )l−1(L−20 O+22 )(L−10 O+22 )j−
q
2
−lPNO02PN (O−22 L−10 )j−
q
2 I2j
+
j− q
2∑
l=1
(L−10 O+22 )j−
q
2PNO02PN (O−22 L−10 )l−1(O−22 L−20 )(O−22 L−10 )j−
q
2
−lI2j , (4.9)
IIIa =
j− q
2∑
k=0
I2j(L−10 O+22 )j−
q
2
−k(L−10 O02)(L−10 O+22 )kPN (O−22 L−10 )j−
q
2 I2j, (4.10)
IIIb = (IIIa)
∗, III = III0 + IIIa + IIIb. (4.11)
Proof. Fix a term T ηr appearing in the term III with non-vanishing integral. Using
again the same reasoning as in Section 2.2 in [PZ], we see that there exists at most
two indices i0 such that ηi0 = N , and that they are in {j − q2 + 1, j − q2 + 2}. Now,
the only possible term with ηj− q
2
+1 = ηj− q
2
+2 = N is:
(L−10 O+22 )j−
q
2PNO02PN (O−22 L−10 )j−
q
2 .
By the Cauchy integral formula, we get the term III0. Similar to the discussions in
Lemma 3.2 in [PZ], we can get IIIa and IIIb. ✷
Nextly, we compute PNO02PN . We note that it is zero in the Ka¨hler case. Let
O′2 =
1
3
〈
RTXx0 (R, ei)R, es
〉∇0,ei∇0,es + [23 〈RTXx0 (R, es)es, ei〉
−
1
2
∑
|α|=2
(∂αR
L)x0
Zα
α!
+REx0
 (R, ei)
∇0,ei
16
−1
4
∇es
∑
|α|=2
(∂αR
L)x0(R, es)
Zα
α!

−1
9
∑
i
[∑
s
(∂sR
L)x0(R, ei)Zs
]2
+
1
12
[∑
s
(∇0,es)2,
〈
RTXx0 (R, el)R, el
〉]
. (4.12)
Then by (2.13)
O02 = O′2−R∧
0,•,B
x0
(R, ei)∇0,ei+
[
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
4
c(dTas)− 1
8
|Tas|2
+2(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
]
(x0)− pi
2
√−1 〈(∇B∇BJ)(R,R)ei, el〉 c(ei)c(el).
(4.13)
Lemma 4.2 (Lemma 3.6.3 in [LuW2]) For the operator O′2, we have
O′2P =
13bibs 〈RTXx0 (R, ∂zi)R, ∂zs〉+ 12bi ∑|α|=2(∂αRL)x0(R, ∂zi)
Zα
α!
+
4
3
bs
[〈
RTXx0 (∂zi , ∂zi)R, ∂zs
〉− 〈RTXx0 (R, ∂zi)∂zi , ∂zs〉]+RE(R, ∂zs)bs
+
〈
(∇X∇X J˜)(R,R)∂zs , ∂zs
〉
x0
+ 4
〈
RTXx0 (∂zi , ∂zs)∂zi , ∂zs
〉
−1
3
[L0, 〈RTXx0 (R, ∂zs)R, ∂zs〉]+ 19 |(∇RJ˜)R|2
}
P. (4.14)
By (2.25), we have
PNO02PN = Idet(W ∗)⊗EPO02PIdet(W ∗)⊗E, (4.15)
so we only need compute PO02P. By [MM12, (4.3)], we have for φ ∈ T ∗X, then
φ(ei)∇0,ei = φ(∂zj )b+j − φ(∂zj )bj. (4.16)
Recall
b+l P = 0 and (blP)(Z,Z ′) = 2pi(zl − z′l)P(Z,Z ′). (4.17)
By Theorem 2.5 and (2.23) and (4.17), we have
PbβzαP = 0, PbβzαP = 0. (4.18)
By (4.16),(4.17) and (4.18), we get
PR∧0,•,Bx0 (R, ei)∇0,eiP = −2R∧
0,•,B
x0
(∂zs , ∂zs)P. (4.19)
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By P2 = P, then
P
[
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
8
|Tas|2
]
(x0)P
=
[
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
−−1
8
|Tas|2
]
(x0)P. (4.20)
By (2.11) and direct computations, then
Idet(W ∗)⊗EP
[
2(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
]
(x0)PIdet(W ∗)⊗E
= 2
q∑
m=1
(RE +
1
2
Rdet)(wm, wm)(x0)PIdet(W∗)⊗E ; (4.21)
Idet(W ∗)⊗EP
[
−1
4
c(dTas)
]
(x0)PIdet(W∗)⊗E = [−
1
8
dTas(wi, wi, ws, ws)
+
q∑
i=1
dTas(wi, wi, ws, ws)− 2
q∑
i,l=1
dTas(wi, wl, wi, wl)]PIdet(W ∗)⊗E ; (4.22)
Similar to (4.19), we have
PREx0(R, ∂zi)biP = 2REx0(∂zi , ∂zi)P. (4.23)
By (2.22),(2.23) and (2.24), we have
(PzαzβP)(0, 0) = α!
pi|α|
δαβ. (4.24)
By (4.24), then
P
[〈
(∇X∇X J˜)(R,R)∂zi , ∂zi
〉
x0
]
P(0, 0)
=
1
4pi
[〈
(∇X∇X J˜)(us,us)ui, ui
〉
+
〈
(∇X∇X J˜)(us,us)ui, ui
〉]
. (4.25)
Similar to (4.20), then
4
(P 〈RTXx0 (∂zi , ∂zs)∂zi , ∂zs〉P) (0, 0) = 〈RTXx0 (ui, us)ui, us〉 . (4.26)
By the relation [AB,C] = [A,C]B +A[B,C] and (4.18), it holds that
−1
3
(P [L0, 〈RTXx0 (R, ∂zs)R, ∂zs〉]P) (0, 0) = 0. (4.27)
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By (4.24),(1.32) and (1.35) and Ψ(X0, Y, U, V ) = Ψ(U, V,X0, Y ), we have
1
9
(
P|(∇RJ˜)R|2P
)
(0, 0)
= −1
9
(
P
〈
(∇RJ˜)R, (∇RJ˜)R
〉
P
)
(0, 0)
=
1
8
n∑
s 6=l=1
(PzszlzszlP) (0, 0)[Ψslsl +Ψslls +Ψlssl +Ψlsls +Ψllss +Ψllss
+Ψllss +Ψllss +Ψslsl +Ψslls +Ψlssl +Ψlsls]
+
1
4
n∑
s=1
(Pz2sz2sP) (0, 0)[2Ψssss + 2Ψssss +Ψssss +Ψssss]
=
1
4pi2
(2Ψslsl + 2Ψslls + 2Ψslsl + 2Ψllss +Ψllss +Ψllss +Ψslls +Ψlssl), (4.28)
By (4.18), it holds that
4
3
Pbs
[〈
RTXx0 (∂zi , ∂zi)R, ∂zs
〉− 〈RTXx0 (R, ∂zi)∂zi , ∂zs〉]P = 0, (4.29)
Similar to (4.18), we have
Pblzszj′zj′′P = Pblzszj′zj′′P = 0. (4.30)
So by (4.30) and RL is (1, 1)-form and Zα for |α| = 2 being the combinators of
zszj′ , zszj′, zszj′, then
1
2
Pbi
∑
|α|=2
(∂αR
L)x0(R, ∂zi)
Zα
α!
P = 0. (4.31)
Similar to (4.31), we can get
1
3
Pbibs
〈
RTXx0 (R, ∂zi)R, ∂zs
〉P = 0. (4.32)
By (2.3), similar to (4.21) and (4.25), we get
−pi
2
√−1Idet(W ∗)⊗E [P
〈
(∇B∇BJ)(R,R)ei, el
〉
c(ei)c(el)P](0, 0)Idet(W ∗)⊗E
= −√−1
[
−1
2
〈
(∇B∇BJ)(ui,ui)ws, ws
〉− 1
2
〈
(∇B∇BJ)(ui,ui)ws, ws
〉
+
q∑
m=1
〈
(∇B∇BJ)(ui,ui)wm, wm
〉
+
q∑
m=1
〈
(∇B∇BJ)(ul,ul)wm, wm
〉]
Idet(W ∗)⊗E.
(4.33)
By Theorem 2.4, (4.12)-(4.15),(4.19)-(4.23),(4.25)-(4.27),(4.31)-(4.33), we get
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Lemma 4.3 The following equation holds
(PNO02PN )(0, 0) (4.34)
= Idet(W ∗)⊗E
{
R∧
0,•,B(us, us)− (RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
8
|Tas|2
+2
q∑
m=1
(RE +
1
2
Rdet)(wm, wm)− 1
8
dTas(wi, wi, ws, ws)
+
q∑
i=1
dTas(wi, wi, ws, ws)− 2
q∑
i,l=1
dTas(wi, wl, wi, wl) +R
E(us, us)
+
1
4pi
[〈
(∇X∇X J˜)(us,us)ui, ui
〉
+
〈
(∇X∇X J˜)(us,us)ui, ui
〉]
+
〈
RTXx0 (ui, us)ui, us
〉
+
1
4pi2
(2Ψslsl + 2Ψslls + 2Ψslsl
+2Ψllss +Ψllss +Ψllss +Ψslls +Ψlssl)
−√−1
[
−1
2
〈
(∇B∇BJ)(ui,ui)ws, ws
〉− 1
2
〈
(∇B∇BJ)(ui,ui)ws, ws
〉
+
q∑
m=1
〈
(∇B∇BJ)(ui,ui)wm, wm
〉
+
q∑
m=1
〈
(∇B∇BJ)(ul,ul)wm, wm
〉]}
(x0)Idet(W ∗)⊗E .
By the definition of L0, we have
(L−10 O+22 )l−1(L−20 O+22 )(L−10 O+22 )j−
q
2
−lP
=
1
(4pi)j−
q
2
+12j−
q
2
+1(j − q2 )!(j − q2 − l + 1)
(R⊥x0)j−
q
2P, (4.35)
and
P(O−22 L−10 )j−
q
2 I2j = [(L−10 O+22 )j−
q
2P]∗ = 1
(4pi)j−
q
2 2j−
q
2 (j − q2)!
P(R⊥,∗x0 )j−
q
2 . (4.36)
By (4.9),(4.35) and (4.36), we have
III0(0, 0) =
j− q2∑
l=1
1
l
 1
(4pi)2j−q+122j−q((j − q2 )!)2
(R⊥x0)j−
q
2 (PNO02PN )(0, 0)(R⊥,∗x0 )j−
q
2 I2j .
(4.37)
By (4.34) and (4.37), we get III0(0, 0) .
Nextly we compute IIIa. We know that ∧(0,∗)(TX) = ∧∗(W ∗)⊗ ∧∗(W⊥,∗) has
double degree. Let R˜∧0,•,B and 14 d˜Tas be the preserving double degree parts of R
∧0,•,B
and 14dTas respectively. Then
O02 = O0,12 +O0,22 , (4.38)
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where
O0,12 =
1
3
〈
RTXx0 (R, ei)R, es
〉∇0,ei∇0,es + [23 〈RTXx0 (R, es)es, ei〉
−
1
2
∑
|α|=2
(∂αR
L)x0
Zα
α!
+REx0 + R˜
∧0,•,B
x0
 (R, ei)
∇0,ei
−1
4
∇es
∑
|α|=2
(∂αR
L)x0(R, es)
Zα
α!

−1
9
∑
i
[∑
s
(∂sR
L)x0(R, ei)Zs
]2
+
[
−(RE + 1
2
Rdet)(wl, wl) +
rX
4
− 1
4
˜c(dTas)
−1
8
|Tas|2 + 2(
∑
l,m≤q
+
∑
l,m≥q+1
)(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl

+
1
12
[∑
s
(∇0,es)2,
〈
RTXx0 (R, el)R, el
〉]
−pi
2
√−1
[
−1
2
〈
(∇B∇BJ)(R,R)wl, wl
〉
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl
 ; (4.39)
O0,22 =
(
R˜∧
0,•,B
x0
−R∧0,•,Bx0
)
(R, ei)∇0,ei +
1
4
( ˜c(dTas)− c(dTas))
+2(
∑
l≤q,m≥q+1
+
∑
l≥q+1,m≤q
)(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
−pi
2
√−1(
∑
l≤q,m≥q+1
+
∑
l≥q+1,m≤q
)
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl . (4.40)
Then O0,12 is the preserving double degree part of O02 and O0,22 is the changing double
degree part of O02.
By (4.12), (4.39) and (4.16), we have
I2j(L−10 O+22 )j−
q
2
−k(L−10 O0,12 )(L−10 O+22 )kPN
=
1
(4pi)k2kk!
I2j(L−10 O+22 )j−
q
2
−k(L−10 O02)(R⊥)kx0P
=
1
(4pi)k2kk!
I2j(L−10 O+22 )j−
q
2
−kL−10
{
RE(R, ∂zs)bs + R˜∧
0,•,B
x0
(R, ∂zs)bs
21
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
4
˜c(dTas)− 1
8
|Tas|2
+2(
∑
l,m≤q
+
∑
l,m≥q+1
)(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
−pi
2
√−1
[
−1
2
〈
(∇B∇BJ)(R,R)wl, wl
〉
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl
 (x0)(R⊥)kx0PN
+
1
(4pi)k2kk!
I2j(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0 [O′2 +REx0(R, es)∇0,es ]PN , (4.41)
By (2.20) and (2.21) and (4.17), we have
(L−10 O+22 )j−
q
2
−kL−10 (RE + R˜∧
0,•,B)(R, ∂zs)bs(R⊥)kx0P = (L−10 O+22 )j−
q
2
−kL−10
·
[
(RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bszlP + 2(RE + R˜∧
0,•,B)(∂zs , ∂zs)(R⊥)kx0P
+
1
2pi
(RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bsblP + (RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bsz′lP
]
.
(4.42)
By (4.17), direct computations show that{
(L−10 O+22 )j−
q
2
−kL−10 (RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bszlP
}
(0, Z)
=
−2
(4pi)j−
q
2
−k+1B
k,j− q
2
1 (R⊥)
j− q
2
−k
x0 (R
E + R˜∧
0,•,B)(∂zs , ∂zs)(R⊥)kx0P(0, Z); (4.43)
2
{
(L−10 O+22 )j−
q
2
−kL−10 (RE + R˜∧
0,•,B)(∂zs , ∂zs)(R⊥)kx0P
}
(0, Z)
=
2
(4pi)j−
q
2
−k+1B
k,j− q
2
0 (R⊥)
j− q
2
−k
x0 (R
E + R˜∧
0,•,B)(∂zs , ∂zs)(R⊥)kx0P(0, Z); (4.44)
1
2pi
{
(L−10 O+22 )j−
q
2
−kL−10 (RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bsblP
}
(0, Z)
=
2pi
(4pi)j−
q
2
−k+1B
k,j− q
2
2 (R⊥)
j− q
2
−k
x0 (R
E + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0zszl(P(0, Z));
(4.45){
(L−10 O+22 )j−
q
2
−kL−10 (RE + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0bsz′lP
}
(0, Z)
=
−2pi
(4pi)j−
q
2
−k+1B
k,j− q
2
1 (R⊥)
j− q
2
−k
x0 (R
E + R˜∧
0,•,B)(∂zl , ∂zs)(R⊥)kx0zszl(P(0, Z)).
(4.46)
22
Similarly
I2j(L−10 O+22 )j−
q
2
−kL−10
[
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
4
˜c(dTas)
−1
8
|Tas|2 + 2(
∑
l,m≤q
+
∑
l,m≥q+1
)(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
 (x0)(R⊥)kx0P
=
1
(4pi)j−
q
2
−k+1B
k,j− q
2
0 (R⊥)
j− q
2
−k
x0
[
−(RE + 1
2
Rdet)(ws, ws) +
rX
4
− 1
4
˜c(dTas)
−1
8
|Tas|2 + 2(
∑
l,m≤q
+
∑
l,m≥q+1
)(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
 (x0)(R⊥)kx0P. (4.47)
Recall [MM08, (2.7)], by (1.33) and RL is a (1, 1)-form, we have
bi
∑
|α|=2
(∂αR
L)x0(R, ∂zi)
Zα
α!
= bizlΨ̂(R,R, ∂zl , ∂zi). (4.48)
By (2.20) and (4.24), we have
(blzαzβzγP)(0, Z) = 0; (blbγzαzβP)(0, Z) = 4(δlαδγβ + δlβδγα)P(0, Z); (4.49)
(blzαzβzγP)(0, Z) = 1
2pi
[(blbγzαzβ + 2δγβbjzα + 2δγαblzβ)P](0, Z); (4.50)∫
R2n
(blzαzβzγP)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.51)∫
R2n
(blzαzβzγP)(0, Z)P(Z, 0)dνTX (Z) = 0. (4.52)
By (4.48)-(4.52), then bi ∑
|α|=2
(∂αR
L)x0(R, ∂zi)
Zα
α!
P
 (0, Z)
= [Ψ̂(∂zβ , ∂zγ , ∂zα , ∂zi) + Ψ̂(∂zγ , ∂zβ , ∂zα , ∂zi)](bizαzβzγP)(0, Z). (4.53)
By (4.49),(4.50) and (4.53), then(L−10 O+22 )j− q2−kL−10 (R⊥)kx0
1
2
bi
∑
|α|=2
(∂αR
L)x0(R, ∂zi)
Zα
α!
P
 (0, Z)
=
1
(4pi)j−
q
2
−k+2 (B
k,j− q
2
2 −B
k,j− q
2
1 )(R⊥)
j− q
2
x0 (Ψ̂ββαα + Ψ̂αβαβ). (4.54)
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It holds that
bibl
〈
RTXx0 (R, ∂zi)R, ∂zl
〉
=
1
4
(RX
αiβl
biblzαzβ+R
X
αiβl
biblzαzβ+2R
X
αiβl
biblzαzβ). (4.55)
By (4.49), then
1
12
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0RXαiβlbiblzαzβP
]
(0, Z)
=
1
3
1
(4pi)j−
q
2
−k+1B
j− q
2
,k
2 (R⊥)
j− q
2
x0 (R
X
ααββ
+RX
αββα
)P(0, Z). (4.56)
By (4.17), then
(biblzαzβP)(0, Z) = [(
biblbαbβ
4pi2
+
1
2pi
biblbβz
′
α+
1
2pi
biblbαz
′
β+biblz
′
αz
′
β)P](0, Z). (4.57)
By (4.18) and (4.47), we have∫
R2n
(biblzαzβP)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.58)∫
R2n
1
12
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0RXαiβlbiblzαzβP
]
(0, Z)P(Z, 0)dνTX (Z) = 0;
(4.59)
Similar to (4.59), by (2.20) and (4.24), we have
(biblzαzβP)(0, Z) =
[
biblbαzβ
2pi
+
δαβbibl
pi
+ biblzβz
′
αP
]
(0, Z), (4.60)
∫
R2n
1
6
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0RXαiβlbiblzαzβP
]
(0, Z)P(Z, 0)dνTX (Z) = 0.
(4.61)
By (4.55),(4.56),(4.59) and (4.61), then
1
3
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0bibl
〈
RTX(R, ∂zi)R, ∂zl
〉P] (0, Z)
=
1
3
1
(4pi)j−
q
2
−k+1B
j− q
2
,k
2 (R⊥)
j− q
2
x0 (R
X
ααββ
+RX
αββα
)P(0, Z). (4.62)
We see that
4
3
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0br
[〈
RTXx0 (∂zi , ∂zi)R, ∂zr
〉− 〈RTXx0 (R, ∂zi)∂zi , ∂zr〉]P] (0, Z)
=
1
3
{
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0
[
(RX
iilr
−RX
liir
)brzl + (R
X
iilr
−RX
liir
)brzl
]
P
}
(0, Z),
(4.63)
1
3
{
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0
[
(RX
iilr
−RX
liir
)brzl
]P} (0, Z)
24
=
−2
3× (4pi)j− q2−k+1
B
k,j− q
2
1 (R⊥)
j− q
2
x0 (R
X
iill
−RX
liil
)P(0, Z), (4.64)
∫
R2n
1
3
{
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0(RXiilr −RXliir)brzlP
}
(0, Z)P(Z, 0)dνTX (Z) = 0.
(4.65)
By (4.63)-(4.65), then
4
3
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0br
[〈
RTXx0 (∂zi , ∂zi)R, ∂zr
〉− 〈RTXx0 (R, ∂zi)∂zi , ∂zr〉]P] (0, Z)
=
−2
3× (4pi)j− q2−k+1
B
k,j− q
2
1 (R⊥)
j− q
2
x0 (R
X
iill
−RX
liil
)P(0, Z), (4.66)
Similar to (4.27) and (4.65), we have
−1
3
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0
[L0, 〈RTXx0 (R, ∂zj )R, ∂zj〉]P] (0, Z)
= −1
6
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0(RXrlαl +RXαlrl)brzαP
]
(0, Z)
−1
6
[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0(RXrlαl +RXαlrl)brzαP
]
(0, Z)
=
1
3
1
(4pi)j−
q
2
−k+1B
k,j− q
2
1 (R⊥)
j− q
2
x0 (R
X
rlrl
+RX
rlrl
)P(0, Z). (4.67)
By (1.34) and
zlzαP = (bαzl
2pi
+
δαl
pi
+ zlz
′
α)P, (4.68)
then [
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0Φ(R,R)P
]
(0, Z)
=
{
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0 ([Φ(∂zl , ∂zα) + Φ(∂zα , ∂zl)]zlzα +Φ(∂zl , ∂zα)zlzα)P
}
(0, Z)
=
1
2pi
1
(4pi)j−
q
2
−k+1 (B
k,j− q
2
0 −B
k,j− q
2
1 )(R⊥)
j− q
2
x0 [Φ(wl, wl) + Φ(wl, wl)]P(0, Z). (4.69)
We know that
(zlzmzβzαP)(0, Z) = 0, (zlzmzβzαP)(0, Z) = 1
2pi
(bαzlzmzβP)(0, Z) = 0; (4.70)
(zlzmzβzαP)(0, Z) = 1
4pi2
[(bβbαzlzm + 2δlαbβzm + 2δmαbβzl
+2δβlbαzm + 2δmβbαzl + 4δmβδlα + 4δβlδmα)P](0, Z); (4.71)∫
R2n
(zlzmzβzαP)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.72)
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∫
R2n
(zlzmzβzαP)(0, Z)P(Z, 0)dνTX (Z) = 0. (4.73)
Let the coefficient of zlzmzβzα for l ≤ m and β ≤ α in the expansion of Ψ(R,R,R,R)
be Almβα, then by (4.70)-(4.73), we have[
(L−10 O+22 )j−
q
2
−kL−10 (R⊥)kx0Ψ(R,R,R,R)P
]
(0, Z)
=
(L−10 O+22 )j− q2−kL−10 (R⊥)kx0 ∑
l≤m
∑
β≤α
AlmβαzlzmzβzαP
 (0, Z)
=
1
pi2
1
(4pi)j−
q
2
−k+1 (B
k,j− q
2
0 +B
k,j− q
2
2 − 2B
k,j− q
2
1 )(R⊥)
j− q
2
x0 (2Allll +
∑
l<m
Almlm)
=
1
4pi2
1
(4pi)j−
q
2
−k+1 (B
k,j− q
2
0 +B
k,j− q
2
2 − 2B
k,j− q
2
1 )(R⊥)
j− q
2
x0
× (2Ψslsl + 2Ψslls + 2Ψslsl + 2Ψllss +Ψllss +Ψllss +Ψslls +Ψlssl). (4.74)
By (4.24) and direct computations, we have
− 1
(4pi)k2kk!
pi
√−1
2
I2j(L−10 O+22 )j−
q
2
−kL−10
[
−1
2
〈
(∇B∇BJ)(R,R)wl, wl
〉
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl
 (x0)(R⊥)kx0PN (0, Z)
=
√−1
2(4pi)j−
q
2
+1
B1,k0 (B
k,j− q
2
1 −B
k,j− q
2
0 )(R⊥)
j− q
2
−k
x0[
−1
2
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wl
〉− 1
2
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wl
〉
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl
 (R⊥)kx0PN (0, Z). (4.75)
By (4.41)-(4.47),(4.54),(4.56),(4.62),(4.66),(4.67),(4.69),(4.74) and (4.75), we get
I2j(L−10 O+22 )j−
q
2
−k(L−10 O0,12 )(L−10 O+22 )kPN (O−22 L−10 )j−
q
2 I2j (4.76)
=
1
(4pi)2j−q+12j−
q
2
+k(j − q2)!k!
I2j(R⊥)(x)j−
q
2
−k
·
{
−Bk,j−
q
2
1 R
E(ws, ws) + (B
k,j− q
2
0 −B
k,j− q
2
1 )R˜
∧0,•,B(ws, ws)
26
+B
k,j− q
2
0
2( ∑
l,m≤q
+
∑
l,m≥q+1
)(RE +
1
2
Rdet)(ws, wm)wm ∧ iws
−1
4
˜c(dTas) +
rX
4
− 1
8
|Tas|2 − 1
2
Rdet(ws, ws)
]
+
√−1
2
(B
k,j− q
2
1 −B
k,j− q
2
0 )
·
[
−1
2
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wl
〉− 1
2
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wl
〉
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl
+(
∑
l,m≤q
+
∑
l,m≥q+1
)
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl

·(R⊥)(x)kIdet(W∗)⊗E(R⊥,∗)(x)j−
q
2 I2j
, +
1
(4pi)2j−q+12j−
q
2
+k(j − q2)!k!
I2j
{
(B
k,j− q
2
0 −
1
3
B
k,j− q
2
1 )R
TX
αβαβ
+(
1
3
B
k,j− q
2
2 −
2
3
B
k,j− q
2
1 )R
TX
ααββ
+ (−1
3
B
k,j− q
2
2 +
1
3
B
k,j− q
2
1 )R
TX
αβαβ
+
1
2pi
(B
k,j− q
2
0 −B
k,j− q
2
1 )[Φ(wl, wl) + Φ(wl, wl)]
+
1
4pi2
(B
k,j− q
2
0 +B
k,j− q
2
2 − 2B
k,j− q
2
1 )
. ·(2Ψslsl + 2Ψslls + 2Ψslsl + 2Ψllss +Ψllss +Ψllss +Ψslls +Ψlssl)
+(B
k,j− q
2
2 −B
k,j− q
2
1 )(Ψ̂ββαα + Ψ̂αβαβ)
}
(R⊥)(x)j− q2 Idet(W ∗)⊗E(R⊥,∗)(x)j−
q
2 I2j .
In the following, we assume that n = 4, q = 2, j = 2. Then by O0,22 changing the
double degree and preserving the total degree, so
j− q
2∑
k=0
I2j(L−10 O+22 )j−
q
2
−k(L−10 O0,22 )(L−10 O+22 )kPN (O−22 L−10 )j−
q
2 I2j
= I4(L−10 O+22 )(L−10 O0,22 )PN (O−22 L−10 )I4 + I4(L−10 O0,22 )(L−10 O+22 )PN (O−22 L−10 )I4
= I4(L−10 O+22 )(L−10 O0,22 )PN (O−22 L−10 )I4. (4.77)
By (4.40), we have
O0,22 PN =
− ∑
l≤q,m≥q+1
〈
RB(R, ei)wl, wm
〉
wm ∧ iwl∇0,ei
+2
∑
l≤q,m≥q+1
(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
−pi
2
√−1
∑
l≤q,m≥q+1
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl
27
+
1
2
∑
l≤q,m≥q+1
dTas(wl, wm, wk, wk)w
m ∧ iwl
−1
4
∑
1≤i,j′≤q
∑
k or l≥q+1
dTas(wi, wj′ , wk, wl)w
k ∧ wl ∧ iwiiwj′
PN . (4.78)
By (2.21), we have
I4(L−10 O+22 )L−10
2 ∑
l≤q,m≥q+1
(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
+
1
2
∑
l≤q,m≥q+1
dTas(wl, wm, wk, wk)w
m ∧ iwl
PN
=
1
64pi2
R0
2 ∑
l≤q,m≥q+1
(RE +
1
2
Rdet)(wl, wm)w
m ∧ iwl
+
1
2
∑
l≤q,m≥q+1
dTas(wl, wm, wk, wk)w
m ∧ iwl
PN . (4.79)
Similar to (4.75), it holds that
I4(L−10 O+22 )L−10
−pi
2
√−1
∑
l≤q,m≥q+1
〈
(∇B∇BJ)(R,R)wl, wm
〉
wm ∧ iwl
PN (0, Z)
=
−5√−1
32× 36pi2R
0
 ∑
l≤q,m≥q+1
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl
+
〈
(∇B∇BJ)(∂zα ,∂zα)wl, wm
〉
wm ∧ iwl
]
PN (0, Z). (4.80)
By (4.16) and (4.17), we get
−I4(L−10 O+22 )L−10
 ∑
l≤q,m≥q+1
〈
RB(R, ei)wl, wm
〉
wm ∧ iwl∇0,ei
PN (0, Z)
=
5
288pi2
R0
 ∑
l≤q,m≥q+1
〈
RB(∂zα , ∂zα)wl, wm
〉
wm ∧ iwl
PN (0, Z). (4.81)
Similarly
−1
4
I4(L−10 O+22 )L−10
∑
1≤i,j′≤q
∑
k or l≥q+1
dTas(wi, wj′ , wk, wl)w
k ∧ wl ∧ iwiiwj′PN (0, Z)
28
= − 1
512pi2
R⊤
∑
1≤i,j′≤q
∑
k,l≥q+1
dTas(wi, wj′ , wk, wl)w
k ∧ wl ∧ iwiiwj′PN (0, Z)
− 1
256pi2
R0
∑
1≤i,j′≤q
(
∑
k≤q,l≥q+1
+
∑
l≤q,k≥q+1
)dTas(wi, wj′ , wk, wl)w
k∧wl∧iwiiwj′PN (0, Z).
(4.82)
When n = 4, q = 2, j = 2, we have
IIIa(0, 0) =
1
4pi
[(4.79)+(4.80)+(4.81)+(4.82)]Idet(W∗)⊗E(R⊥)∗I4+
1∑
k=0
(4.76). (4.83)
4.3 The computations of the term V
In this section, we will compute the term V. By the discussions after (4.2), for
l = 2, then 4j ≤ 2q+2k− 4 ≤ 4j, so k = 2j+2− q. There are 2j− q Ori equal to O2
and 2 equal to O1; By (3.16) and (3.17), when l = 2 and l1 = 0, then i0 = j − q2 + 3,
when l = 2 and l1 = 1, then i0 = j− q2 +2, when l = 2 and l1 = 2, then i0 = j− q2 +1,
so we only have one ηi0 = N . These three cases correspond to the terms Va, Vb, V
∗
a
and
Va =
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O1)(L−10 O+22 )m2
×(L−10 PN
⊥O1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j , (4.84)
Vb =
∑
0≤m1,m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O1)(L−10 O+22 )j−
q
2
−m1PN
×(O−22 L−10 )m2(O1L−10 PN
⊥
)(O−22 L−10 )j−
q
2
−m2I2j, (4.85)
V = Va +Vb +V
∗
a. (4.86)
By (2.12) and (2.3) and Proposition 2.1 in [LuW1], we have
O1 = O′1 +O′′1 , (4.87)
where
O′1 = −
2
3
(∂sR
L)x0(R, ei)Zs∇0,ei −
1
3
(∂sR
L)x0(R, es); (4.88)
O′′1 = −4pi
√−1(
∑
l≤q
∑
q+1≤m
+
∑
m≤q
∑
q+1≤l
)
〈
(∇BRJ)wl, wm
〉
wm ∧ iwl . (4.89)
Firstly, we compute the term
V0a :=
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′1)(L−10 O+22 )m2
×(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j , (4.90)
29
By
(L−10 O+22 )j−
q
2
−m1−m2PN =
1
(4pi)j−
q
2
−m1−m2B
1,j− q
2
−m1−m2
0 (R⊥)j−
q
2
−m1−m2PN ,
(4.91)
2
3
(∂lR
L)x0(∂zα , ∂zi)Zlzαbi =
2
3
(∂zβR
L)x0(∂zα , ∂zi)zαzβbi+
2
3
(∂zβR
L)x0(∂zα , ∂zi)zαzβbi,
(4.92)
and (2.12), (4.16), (4.17) and RL being a (1, 1) form, then
O′1(L−10 O+22 )j−
q
2
−m1−m2PN =
1
(4pi)j−
q
2
−m1−m2B
1,j− q
2
−m1−m2
0 Rj−
q
2
−m1−m2
×
[
2
3
(∂zj′R
L)x0(∂zα , ∂zl)zαzj′bl +
2
3
(∂zrR
L)x0(∂zα , ∂zl)zαzrbl
−1
3
(∂j′R
L)x0(∂zα , ej′)zα −
1
3
(∂j′R
L)x0(∂zα , ej′)(
bα
2pi
+ z′α)
]
PN . (4.93)
By
zαzjbl = blzαzj + 2δlαzj + 2δjlzα, (4.94)
and
zαzrblP = (blbrzα
2pi
+
δαrbl
pi
+
δαlbr
pi
+ blzαz
′
r + 2δαlz
′
r)P, (4.95)
then
(L−10 O+22 )m2(L−10 O′1)(L−10 O+22 )j−
q
2
−m1−m2PN
=
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
0 (R⊥)j−
q
2
−m1
·
[
4
3
(∂zrR
L)x0(∂zl , ∂zl)z
′
r +
4
3
(∂zj′R
L)x0(∂zα , ∂zα)zj
+
4
3
(∂zj′R
L)x0(∂zα , ∂zj )zα −
1
3
(∂j′R
L)x0(∂zα , ej′)zα
−1
3
(∂j′R
L)x0(∂zα , ej′)z
′
α
]
PN
+
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (R⊥)j−
q
2
−m1
·
[
2
3pi
(∂zrR
L)x0(∂zr , ∂zl)bl +
2
3pi
(∂zrR
L)x0(∂zα , ∂zα)br
+
2
3
(∂zrR
L)x0(∂zα , ∂zl)blzαz
′
γ +
2
3
(∂zj′R
L)x0(∂zα , ∂zl)blzαzj′
−1
3
(∂j′R
L)x0(∂zα , ej′)
bα
2pi
]
PN
+
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
2 (R⊥)j−
q
2
−m1
× 1
3pi
(∂zrR
L)x0(∂zα , ∂zl)blbrzαP
N . (4.96)
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By (4.16) and (4.17) and RL being a (1, 1)-form, we get
O′1 = A1 +A2 +A3 +A4 +A5, (4.97)
where
A1 = −2
3
(∂zβR
L)x0(∂zα , ∂zi)zαzβb
+
i −
2
3
(∂zrR
L)x0(∂zα , ∂zi)zαzrb
+
i , (4.98)
A2 = [
4
3
(∂zj′R
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zj′ , ∂zα)−
1
3
(∂αR
L)x0(∂zj′ , eα)]zj′
+[
4
3
(∂zrR
L)x0(∂zl , ∂zl)−
1
3
(∂j′R
L)x0(∂zr , ej′)]z
′
r, (4.99)
A3 = [
2
3pi
(∂zrR
L)x0(∂zr , ∂zα) +
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′R
L)x0(∂zα , ej′)]bα
+
2
3
(∂zrR
L)x0(∂zα , ∂zl)blzαz
′
γ +
2
3
(∂zj′R
L)x0(∂zα , ∂zl)blzαzj′ , (4.100)
A4 =
1
3pi
(∂zrR
L)x0(∂zα , ∂zl)blbrzα. (4.101)
A5 =
2
3
(∂zrR
L)x0(∂zα , ∂zl)(blzα + 2δαl)(zr −
br
2pi
− z′r)
−1
3
(∂j′R
L)x0(∂zr , ej′)(zr −
br
2pi
− z′r). (4.102)
By ∫
R2n
(blz
′
rP)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.103)∫
R2n
(blzαz
′
rz
′
sP)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.104)∫
R2n
(blzαz
′
rzj′P)(Z, 0)P(Z, 0)dνTX (Z) = 0; (4.105)
(blzj′P)(0, Z) = −2δj′lP(0, Z), (4.106)
(blzαzj′zsP)(0, Z) = 0 (blzαzj′z′sP)(0, Z) = 0, (4.107)
then
A1A2P = 0; (4.108)∫
R2n
(A22P)(0, Z)P(Z, 0)dνTX (Z) = 0; (4.109)∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
0 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A3A2P)(0, Z)P(Z, 0)dνTX (Z)
=
−2
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
0 B
j− q
2
−m1,j− q2
1 (R⊥)j−
q
2
×[ 2
3pi
(∂zrR
L)x0(∂zr , ∂zα) +
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′R
L)x0(∂zα , ej′)]
×[4
3
(∂zαR
L)x0(∂zα′ , ∂zα′ ) +
4
3
(∂zα′R
L)x0(∂zα , ∂zα′ )−
1
3
(∂α′R
L)x0(∂zα , eα′)]; (4.110)
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∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
0 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A4A2P)(0, Z)P(Z, 0)dνTX (Z)
=
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
0 B
j− q
2
−m1,j− q2
2 (R⊥)j−
q
2
·
{
4
3pi
(∂zrR
L)x0(∂zl , ∂zl)
[
4
3
(∂zrR
L)x0(∂zα , ∂zα)
+
4
3
(∂zαR
L)x0(∂zr , ∂zα)−
1
3
(∂αR
L)x0(∂zr , eα)
]
+
4
3pi
(∂zαR
L)x0(∂zα , ∂zl)
[
4
3
(∂zlR
L)x0(∂zα , ∂zα)
+
4
3
(∂zαR
L)x0(∂zl , ∂zα)−
1
3
(∂αR
L)x0(∂zl , eα)
]}
. (4.111)
By (2.20) and (4.17), we have
(zαzβb
+
i bα′P)(0, Z) = [(2δiα′bαzβ + 4δiα′δαβ)P](0, Z), (4.112)
(zαzβb
+
i blzα′z
′
rP)(0, Z) = 0, (4.113)
(zαzβb
+
i blzα′zj′P)(0, Z) = 0, (4.114)∫
R2n
(zαzβb
+
i bα′P)(0, Z)P(Z, 0)dνTX (Z) = 0, (4.115)∫
R2n
(zαzβb
+
i blzα′z
′
rP)(0, Z)P(Z, 0)dνTX (Z) = 0, (4.116)
(zαzβb
+
i blzα′zj′P)(0, Z) =
δli
pi2
(4δj′αδα′β + 2δj′αbβzα′ + bαbβzα′zj′
+2δα′βbαzj′ + 2δαα′bβzj′ + 2δj′βbαzα′ + 4δj′βδαα′). (4.117)
By (4.98), (4.100) and (4.112)-(4.117), we have∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
1 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A1A3P)(0, Z)P(Z, 0)dνTX (Z)
= −8
3
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1
·(Bj−
q
2
−m1,j− q2
0 −B
j− q
2
−m1,j− q2
1 )(R⊥)j−
q
2
×(∂zαRL)x0(∂zα , ∂zα′ )
[
2
3pi
(∂zrR
L)x0(∂zr , ∂zα′ )
+
2
3pi
(∂zα′R
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′R
L)x0(∂zα′ , ej′)
]
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− 16
9pi2
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1
·(Bj−
q
2
−m1,j− q2
2 −B
j−m1,j− q2
1 +B
j− q
2
−m1,j− q2
0 )(R⊥)j−
q
2
×[(∂zβRL)x0(∂zα , ∂zl)(∂zβRL)x0(∂zα , ∂zl)
+(∂zβR
L)x0(∂zα , ∂zl)(∂zαR
L)x0(∂zβ , ∂zl)]. (4.118)
In the following, we write T = 0 if∫
R2n
T (0, Z)P(Z, 0)dνTX (Z) = 0. (4.119)
We know that
(z′rbα′P)(0, Z) = (z′rblzα′z′r′P)(0, Z) = (z′rblzαzj′P)(0, Z)
= (zj′blzα′z
′
r′P)(0, Z) = (zj′blzαzj′′P)(0, Z) = 0, (4.120)
(zj′bα′P)(0, Z) = [(bα′zj′ + 2δj′α′)P](0, Z), (4.121)
so ∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (L−10 O+22 )m1 (4.122)
·L−10 (R⊥)j−
q
2
−m1(A2A3P)(0, Z)P(Z, 0)dνTX (Z)
=
2
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1
·(Bj−
q
2
−m1,j− q2
0 −B
j− q
2
−m1,j− q2
1 )(R⊥)j−
q
2
×[4
3
(∂zj′R
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zj′ , ∂zα)−
1
3
(∂αR
L)x0(∂zj′ , eα)]
×[ 2
3pi
(∂zrR
L)x0(∂zr , ∂zj′ ) +
2
3pi
(∂zj′R
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′′R
L)x0(∂zj′ , ej′′)].
It holds that
blbl′P = blbl′zαz′rP = blzαz′rbl′P = blzαz′rbl′zα′z′r′P
= blzαz
′
rbl′zα′zj′P = blzαzjbl′zα′z′r′P = blzαzjbl′zα′zj′P = 0, (4.123)
(blzαzj′bl′P)(0, Z) = [(2δj′l′blzα + 2δαl′blzj′ + blbl′zαzj′)P](0, Z). (4.124)
By (4.49), (4.123) and (4.124), we have∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A23P)(0, Z)P(Z, 0)dνTX (Z)
=
8
3
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
1
33
(2B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )(R⊥)j−
q
2
×
{
(∂zj′R
L)x0(∂zα , ∂zj′ )[
2
3pi
(∂zrR
L)x0(∂zr , ∂zα)
+
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′R
L)x0(∂zα , ej′)]
+(∂zj′R
L)x0(∂zα , ∂zα)[
2
3pi
(∂zrR
L)x0(∂zr , ∂zj′ )
+
2
3pi
(∂zj′R
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′′R
L)x0(∂zj′ , ej′′)]
}
(4.125)
We know that
blbrzαbl′P = blbrzαbl′zα′z′r′P = 0, (4.126)
blbrzαbl′zα′zj′P = (2δαl′blbrzα′zj′ + blbrbl′zαzα′zj′)P. (4.127)
(blbrbl′zαzα′zj′P)(0, Z) = −8[δαl′(δlα′δj′r + δrα′δlj′)
+δαr(δlj′δl′α′ + δlα′δj′l′) + δαl(δrα′δl′j′ + δrj′δl′α′)]. (4.128)
By (4.126)-(4.128), we get∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A4A3P)(0, Z)P(Z, 0)dνTX (Z)
=
16
9pi
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (R⊥)j−
q
2
×
{
(B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
3 )
[
(∂zrR
L)x0(∂zα , ∂zl)(∂zrR
L)x0(∂zl , ∂zα)
+(∂zrR
L)x0(∂zα , ∂zl)(∂zlR
L)x0(∂zr , ∂zα)
]
−Bj−m1,j3
[
(∂zαR
L)x0(∂zα , ∂zj′ )(∂zj′R
L)x0(∂zl′ , ∂zl′ )
+(∂zαR
L)x0(∂zα , ∂zl)(∂zl′R
L)x0(∂zl , ∂zl′ )
+(∂zrR
L)x0(∂zl , ∂zl)(∂zl′R
L)x0(∂zr , ∂zl′ )
+(∂zrR
L)x0(∂zl , ∂zl)(∂zrR
L)x0(∂zα′ , ∂zα′ )
]}
(4.129)
It holds that
(zαzβb
+
i blbrzα′P)(0, Z) =
2
pi
[δri(blbαzβzα′+2δαβblzα′+2δαα′blzβ+2δlβbαzα′+4δlβδαα′)
+δli(brbαzβzα′ + 2δαβbrzα′ + 2δαα′brzβ + 2δrβbαzα′ + 4δrβδαα′)], (4.130)
zαzrb
+
i blbr′zα′P = 0. (4.131)
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By (4.130) and (4.131), we have∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A1A4P)(0, Z)P(Z, 0)dνTX (Z)
= − 16
9pi2
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j−m1
2 (R⊥)j−
q
2[
(B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )(∂zαR
L)x0(∂zα , ∂zr)(∂zrR
L)x0(∂zl , ∂zl)
+(Bj−m1,j2 +B
j−m1,j
0 −Bj−m1,j1 )(∂zlRL)x0(∂zα , ∂zr )(∂zrRL)x0(∂zα , ∂zl)
+(Bj−m1,j2 +B
j−m1,j
0 −Bj−m1,j1 )(∂zrRL)x0(∂zα , ∂zl)(∂zrRL)x0(∂zα , ∂zl)
+(Bj−m1,j2 −Bj−m1,j1 )(∂zαRL)x0(∂zα , ∂zl)(∂zrRL)x0(∂zr , ∂zl)
−Bj−m1,j1 (∂zlRL)x0(∂zα , ∂zr)(∂zrRL)x0(∂zα , ∂zl)
−Bj−m1,j1 (∂zrRL)x0(∂zα , ∂zl)(∂zrRL)x0(∂zα , ∂zl)
]
. (4.132)
It holds that
z′r′blbrzαP = 0, (4.133)
zj′blbrzαP = (blbrzj′zα + 2δjr′blzα + 2δj′lbrzα)P. (4.134)
By (4.133) and (4.134), we get∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2 (L−10 O+22 )m1 (4.135)
·L−10 (R⊥)j−
q
2
−m1(A2A4P)(0, Z)P(Z, 0)dνTX (Z)
=
4
3pi
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2
·(Bj−
q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )(R⊥)j−
q
2{
(∂zαR
L)x0(∂zα , ∂zl)[
4
3
(∂zlR
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zl , ∂zα)
−1
3
(∂αR
L)x0(∂zl , eα)] + (∂zrR
L)x0(∂zl , ∂zl)
×[4
3
(∂zrR
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zr , ∂zα)−
1
3
(∂αR
L)x0(∂zr , eα)]
}
We know that
bl′blbrzαP = bl′zαz′r′blbrzαP = bl′br′zα′blbrzαP = 0, (4.136)
bl′zα′zj′blbrzαP = (bl′blbrzα′zj′zα + 2δα′rbl′blzj′zα + 2δj′rbl′blzα′zα
+2δα′lbl′brzj′zα + 2δj′lbl′brzα′zα + 4δα′lδj′rbl′zα + 4δj′lδrα′bl′zα)P. (4.137)
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By (4.136) and (4.137), we get∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2 (L−10 O+22 )m1
·L−10 (R⊥)j−
q
2
−m1(A3A4P)(0, Z)P(Z, 0)dνTX (Z)
=
16
9pi
1
(4pi)j−
q
2
+2
B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2 (R⊥)j−
q
2
·
{
(−Bj−
q
2
−m1,j− q2
3 + 2B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )
×[(∂zrRL)x0(∂zl , ∂zα)(∂zrRL)x0(∂zα , ∂zl) + (∂zlRL)x0(∂zr , ∂zα)(∂zrRL)x0(∂zα , ∂zl)]
+(−Bj−
q
2
−m1,j− q2
3 +B
j− q
2
−m1,j− q2
2 )[(∂zlR
L)x0(∂zl′ , ∂zl′ )(∂zαR
L)x0(∂zα , ∂zl)
+(∂zl′R
L)x0(∂zl , ∂zl′ )(∂zαR
L)x0(∂zα , ∂zl) + (∂zl′R
L)x0(∂zr , ∂zl′ )(∂zrR
L)x0(∂zl , ∂zl)
+(∂zrR
L)x0(∂zl , ∂zl′ )(∂zrR
L)x0(∂zl , ∂zl)]
}
. (4.138)
∫
R2n
1
(4pi)j−
q
2
−m1+1B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
2 (L−10 O+22 )m1
×L−10 (R⊥)j−
q
2
−m1(A24P)(0, Z)P(Z, 0)dνTX (Z) = 0. (4, 139)
By the basic assumption, then
(∇XURL)(V,W ) =
〈
(∇XU J˜)V,W
〉
. (4.140)
Direct computations show that
(blzα + 2δαl)(zr − br
2pi
− z′r)zj′P =
δrj′
pi
(blzα + 2δαl)P; (4.141)
(zr − br
2pi
− z′r)zj′P =
δrj′
pi
P; (4.142)
(blzα + 2δαl)(zr − br
2pi
− z′r)zj′P = (zr −
br
2pi
− z′r)zj′P = 0; (4.143)
(blzα + 2δαl)(zr − br
2pi
− z′r)bj′P = (zr −
br
2pi
− z′r)bj′P = 0; (4.144)
(blzα+2δαl)(zr− br
2pi
−z′r)bl′zα′z′r′P = [
blbl′zαz
′
r′
pi
δrr′+
2δαl′δrr′
pi
blz
′
r′+
2δαlδrr′
pi
bl′z
′
r′ ]P;
(4.145)
(zr − br
2pi
− z′r)bl′zα′z′r′P =
δrr′
pi
bl′z
′
r′P; (4.146)
(blzα + 2δαl)(zr − br
2pi
− z′r)bl′zα′zj′P =
[
blbl′zαzα′
pi
δrj′ +
2δαl′δrj′
pi
blzα′ +
blbl′zαzj′
pi
δrα′
36
+
2δαl′δrα′
pi
blzj′ +
2δαlδrj′
pi
bl′zα′ +
2δαlδrα′
pi
bl′zj′ ]P; (4.147)
(zr − br
2pi
− z′r)bl′zα′zj′P = [
δrj′
pi
bl′zα′ +
δrα′
pi
bl′zj′ ]P; (4.148)
(blzα + 2δαl)(zr − br
2pi
− z′r)bl′br′zα′P = [
δrα′
pi
blbl′br′zα
+
2δαr′δrα′
pi
blbl′ +
2δαl′δrα′
pi
blbr′ +
2δαlδrα′
pi
bl′br′ ]P; (4.149)
(zr − br
2pi
− z′r)bl′br′zα′P =
δrα′
pi
bl′br′P. (4.150)
By (4.96),(4.102) and (4.141)-(4.150), we get
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥
A5)(L−10 O+22 )m2
×(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j
=
∑
0≤m1+m2≤j− q2
1
(4pi)2j−q+2
B
1,j− q
2
0 B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
0 (R⊥)j−
q
2
{
(B
j− q
2
−m1,j− q2
0 −B
j− q
2
−m1,j− q2
1 )
4
3pi
(∂zrR
L)x0(∂zα , ∂zα)
·[4
3
(∂zrR
L)x0(∂zα′ , ∂zα′ ) +
4
3
(∂zα′R
L)x0(∂zr , ∂zα′ )−
1
3
(∂α′R
L)x0(∂zr , eα′)]
− 1
3pi
B
j− q
2
−m1,j− q2
0 (∂j′R
L)x0(∂zr , ej′)[
4
3
(∂zrR
L)x0(∂zα′ , ∂zα′ )
+
4
3
(∂zα′R
L)x0(∂zr , ∂zα′ )−
1
3
(∂α′R
L)x0(∂zr , eα′)]
}
Idet(W ∗)⊗E(R⊥,∗)j−
q
2
+
∑
0≤m1+m2≤j− q2
1
(4pi)2j−q+2
B
1,j− q
2
0 B
1,j− q
2
−m1−m2
0 B
j− q
2
−m1−m2,j− q2−m1
1 (R⊥)j−
q
2
{
16
9pi
(B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )[(∂zrR
L)x0(∂zα , ∂zα)(∂zrR
L)x0(∂zα′ , ∂zα′ )
+(∂zrR
L)x0(∂zα , ∂zl)(∂zrR
L)x0(∂zl , ∂zα) + (∂zrR
L)x0(∂zα , ∂zα)(∂zl′R
L)x0(∂zr , ∂zl′ )
+(∂zrR
L)x0(∂zα , ∂zl)(∂zlR
L)x0(∂zr , ∂zα)]
+
4
9pi
B
j− q
2
−m1,j− q2
1 [(∂j′R
L)x0(∂zr , ej′)(∂zrR
L)x0(∂zα′ , ∂zα′ )
+(∂j′R
L)x0(∂zr , ej′)(∂zl′R
L)x0(∂zr , ∂zl′ )]
}
Idet(W ∗)⊗E(R⊥,∗)j−
q
2 . (4.151)
Write Bl1Bl2Bl3 for B
1,j− q
2
−m1−m2
l1
B
j− q
2
−m1−m2,j− q2−m1
l2
B
j− q
2
−m1,j− q2
l3
. By (4.96)-
(4.101),(4.108)-(4.111),(4.118),(4.112),(4.125),(4.129),(4.132),(4.135),(4.138) and (4.139),
we get
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∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥
(A1 +A2 +A3 +A4))
(L−10 O+22 )m2(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j
=
∑
0≤m1+m2≤j− q2
1
2j−
q
2 (j − q2 )!(4pi)2j−q+2
I2j
{
1
9pi
(B0B0B2 −B0B0B1)
×(2AllsAsrr − 2AllsArrs + 2AsllAsrr
−2AsllArrs −AllsAerser −AsllAerser)
+[− 4
9pi
B0B1B0 − 2
3pi
B0B1B1 − 4
9pi
B0B1B2
+
2
9pi
B0B1B3 − ( 2
9pi2
+
4
9pi
)B0B2B2 − ( 2
9pi2
+
2
9pi
)B0B2B1
+
2
9pi
B0B2B3](AllsArrs +AllsAsrr)
+[(− 2
9pi2
− 2
9pi
)B0B1B2 +
2
9pi2
B0B1B1 − 2
9pi2
B0B1B0
+
2
9pi
B0B1B3 + (− 2
9pi2
− 4
9pi
)B0B2B2 − 2
9pi2
B0B2B0
+(
4
9pi2
+
2
9pi
)B0B2B1 +
2
9pi
B0B2B3](AlsrAlsr +AlsrAslr)
+
1
9pi
(2B0B1B0 − 4B0B1B1 + 4B0B1B2 − 2B0B1B3
−2B0B2B1 − 2B0B2B3 + 4B0B2B2)(AsllArrs +AsllAsrr)
+
1
9pi
(−B0B1B0 +B0B1B1 −B0B2B0
+B0B2B1)(AerserArrs +AerserAsrr)
+
1
9pi
(2B0B1B0 − 3B0B1B1 + 2B0B1B2 −B0B0B1)AerserAlls
+
1
9pi
(−B0B1B0 + 2B0B1B1 + 2B0B1B2 +B0B0B1)AerserAsll
+
1
18pi
(B0B1B0 −B0B1B1 −B0B0B1)AerserAelsel
}
·(R⊥)(x)j− q2 Idet(W ∗)⊗E(R⊥,∗)(x)j−
q
2 I2j. (4.152)
By (4.97), then
V 0a = (4.151) + (4.152). (4.153)
Set
V 1a =
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′′1)(L−10 O+22 )m2
·(L−10 PN
⊥O′′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j . (4.154)
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Set n = 4, j = 2, q = 2. By (4.89) and (L−10 O+22 )(L−10 PN
⊥O′′1 )PN and (L−10 O+22 )PN
being (0, (2, 2)) forms, then
V 1a = I4[(L−10 O+22 )(L−10 PN
⊥O′′1)(L−10 PN
⊥O′′1)
+(L−10 PN
⊥O′′1 )(L−10 O+22 )(L−10 PN
⊥O′′1)
+(L−10 PN
⊥O′′1 )(L−10 PN
⊥O′′1)(L−10 O+22 )]PN (O−22 L−10 )I4
= I4(L−10 O+22 )(L−10 PN
⊥O′′1)(L−10 PN
⊥O′′1 )PN (O−22 L−10 )I4. (4.155)
Let
Φ̂(U) =
∑
l≤q
∑
q+1≤m
〈
(∇BUJ)x0wl, wm
〉
wm ∧ iwl , for U ∈ TX. (4.156)
Φ˜(U) =
∑
m≤q
∑
q+1≤l
〈
(∇BUJ)x0wl, wm
〉
wm ∧ iwl , for U ∈ TX. (4.157)
By (4.89) and (4.156), then
(L−10 PN
⊥O′′1)PN = −
√−1
2
Φ̂(∂zs)zs −
√−1
2
Φ̂(∂zs)z
′
s −
√−1
6pi
Φ̂(∂zs)bs. (4.158)
By (4.89) and (4.156)-(4.158), similar to the computations of V 0a , we get
V 1a =
[
− 7
96× 120pi3R
⊤Φ̂(∂zs)Φ̂(∂zs) +
1
288pi3
R⊥Φ˜(∂zs)Φ̂(∂zs)
− 7
32× 120pi3R
⊤Φ̂(∂zs)R⊤Φ̂(∂zs) +
1
96pi3
R⊥Φ˜(∂zs)Φ̂(∂zs)
]
Idet(W ∗)⊗E(R⊥,∗)(x)I4.
(4.159)
Set
V 2a =
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′1)(L−10 O+22 )m2
·(L−10 PN
⊥O′′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j . (4.160)
By n = 4, j = 2, q = 2, then
V 2a = I4[(L−10 O+22 )(L−10 PN
⊥O′1)(L−10 PN
⊥O′′1)
+(L−10 PN
⊥O′1)(L−10 O+22 )(L−10 PN
⊥O′′1)]PN (O−22 L−10 )I4. (4.161)
By (4.158), similar to the computations of V 0a , then
(L−10 PN
⊥
A1)(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z)
=
√−1
648pi3
(∂zαR
L)x0(∂zα , ∂zs)R0Φ̂(∂zs)Idet(W ∗)⊗EPN (0, Z); (4.162)
(L−10 PN
⊥
A2)(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z)
39
=
−√−1
864pi3
[
4
3
(∂zsR
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zs , ∂zα)
−1
3
(∂αR
L)x0(∂zs , eα)]R0Φ̂(∂zs)Idet(W ∗)⊗EPN (0, Z); (4.163)
(L−10 PN
⊥
A3)(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z)
=
√−1
96pi2
[
2
3pi
(∂zrR
L)x0(∂zr , ∂zα) +
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)
− 1
6pi
(∂j′R
L)x0(∂zα , ej′)]R0Φ̂(∂zα)Idet(W ∗)⊗E
+
√−1
1296pi3
[(∂zsR
L)x0(∂zα , ∂zα)R0Φ̂(∂zs)
+(∂zl′R
L)x0(∂zs , ∂zl′ )R0Φ̂(∂zs)]Idet(W ∗)⊗EPN (0, Z); (4.164)
(L−10 PN
⊥
A4)(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z)
=
−√−1
192pi3
[(∂zsR
L)x0(∂zα , ∂zα)R0Φ̂(∂zs)
+(∂zαR
L)x0(∂zα , ∂zs)R0Φ̂(∂zs)]Idet(W∗)⊗EPN (0, Z); (4.165)
(L−10 PN
⊥
A5)(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z)
=
−√−1
96pi3
[
1
3
(∂zrR
L)x0(∂zα , ∂zα)R0Φ̂(∂zr)
−1
4
(∂j′R
L)x0(∂zr , ej′)R0Φ̂(∂zr)]PN (0, Z). (4.166)
(L−10 O+22 )(L−10 PN
⊥
A1)(L−10 PN
⊥O′′1)PN (0, Z)
=
5
√−1
1296pi3
(∂zαR
L)x0(∂zα , ∂zs)R0Φ̂(∂zs)Idet(W ∗)⊗EPN (0, Z); (4.167)
(L−10 O+22 )(L−10 PN
⊥
A2)(L−10 PN
⊥O′′1)PN (0, Z)
=
−√−1
1728pi3
[
4
3
(∂zsR
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zs , ∂zα)
−1
3
(∂αR
L)x0(∂zs , eα)]R0Φ̂(∂zs)Idet(W ∗)⊗EPN (0, Z); (4.168)
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(L−10 O+22 )(L−10 PN
⊥
A3)(L−10 PN
⊥O′′1)PN (0, Z)
=
√−1
144pi2
[
2
3pi
(∂zrR
L)x0(∂zr , ∂zα) +
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)
− 1
6pi
(∂j′R
L)x0(∂zα , ej′)]R0Φ̂(∂zα)Idet(W ∗)⊗E
+
7
√−1
36× 144pi3 [(∂zsR
L)x0(∂zα , ∂zα)R0Φ̂(∂zs)
+(∂zl′R
L)x0(∂zs , ∂zl′ )R0Φ̂(∂zs)]Idet(W ∗)⊗EPN (0, Z); (4.169)
(L−10 O+22 )(L−10 PN
⊥
A4)(L−10 PN
⊥O′′1)PN (0, Z)
=
−√−1
384pi3
[(∂zsR
L)x0(∂zα , ∂zα)R0Φ̂(∂zs)
+(∂zαR
L)x0(∂zα , ∂zs)R0Φ̂(∂zs)]Idet(W∗)⊗EPN (0, Z); (4.170)
(L−10 O+22 )(L−10 PN
⊥
A5)(L−10 PN
⊥O′′1)PN (0, Z)
=
−√−1
96pi3
[
5
9
(∂zrR
L)x0(∂zα , ∂zα)R0Φ̂(∂zr)
−1
4
(∂j′R
L)x0(∂zr , ej′)R0Φ̂(∂zr)]PN (0, Z). (4.171)
By (4.97) and (4.161), then
V 2a =
1
4pi
[(4.162) + · · · + (4.171)] ×R⊥,∗I4. (4.172)
Set
V 3a =
∑
0≤m1+m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′′1)(L−10 O+22 )m2
·(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1−m2PN (O−22 L−10 )j−
q
2 I2j . (4.173)
By n = 4, j = 2, q = 2, then
V 3a = I4(L−10 O+22 )(L−10 PN
⊥O′′1)(L−10 PN
⊥O′1)PN (O−22 L−10 )I4. (4.174)
By (4.89) and (L−10 PN
⊥O′1)PN being a (0, (2, 0))-form and L0A2PN = 0, then
O′′1(L−10 PN
⊥O′1)PN = −4pi
√−1[Φ̂(∂zs)zs + Φ̂(∂zs)zs](
1
4pi
A3 +
1
8pi
A4)P
N . (4.175)
Direct computations show that
zsbα = bαzs + 2δαs, zsblzαz
′
r = 2δslzαz
′
r + blzszαz
′
r; (4.176)
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zsblzαzj′ = 2δslzαzj′ + blzszαzj′ , zsblbrzα = 2δslbrzα + 2δsrblzα + blbrzszα; (4.177)
zsbαP = (bαbs
2pi
+ bαz
′
s)P; (4.178)
zsblzαz
′
rP = [
1
2pi
blbszαz
′
r +
δαs
pi
blz
′
r + blzαz
′
rz
′
s]P; (4.179)
zsblzαzj′P = [
blbszαzj′
2pi
+
δαs
pi
blzj′ +
δj′s
pi
blzα + blzαzj′z
′
s]P; (4.180)
zsblbrzαP = [blbrbszα
2pi
+
δαs
pi
blzj′ +
δj′s
pi
blzα + blzαzj′z
′
s]P; (4.181)
By (4.174)-(4.181), we can get
V 3a =
−√−1
4pi
R0
{
11
8× 144pi3 Φ̂(∂zs)[(∂zαR
L)x0(∂zα , ∂zs) + (∂zsR
L)x0(∂zα , ∂zα)]
− 5
6× 288pi3 Φ̂(∂zs)(∂j′R
L)x0(∂zs , ej′)−
7
12× 144pi3 Φ̂(∂zs)[(∂zsR
L)x0(∂zα , ∂zα)
+(∂zlR
L)x0(∂zs , ∂zl)]
}R⊥,∗I4. (4.182)
By (4.84),(4.90),(4.154),(4.160) and (4.173), we get
Va = V
0
a + V
1
a + V
2
a + V
3
a . (4.183)
Nextly, we compute Vb. Set
V0b =
∑
0≤m1,m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1PN
×(O−22 L−10 )m2(O′1L−10 PN
⊥
)(O−22 L−10 )j−
q
2
−m2I2j. (4.184)
By (4.184), then
V0b = I2jCC
∗I2j , C =
∑
0≤m1≤j− q2
Cm1 , (4.185)
where
Cm1 = (L−10 O+22 )m1(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1PN . (4.186)
Similar to (4.96), then
Cm1(0, Z)
=
1
(4pi)j−
q
2
+1
(R⊥)j− q2
{
(
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
0 (4.187)
−8
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1 +
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
2 )(∂zrR
L)x0(∂zl , ∂zl)
+(
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
2 −
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1 )(∂zαR
L)x0(∂zα , ∂zr)
+(
1
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1 −
1
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
0 )
·(∂lRL)x0(∂zr , el)
}
zr[P(0, Z)].
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So
(C∗m1)(Z, 0)
= − 1
(4pi)j−
q
2
+1
{
(
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
0 −
8
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1
+
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
2 )(∂zrR
L)x0(∂zl , ∂zl)
+(
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
2 −
4
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1 )(∂zαR
L)x0(∂zα , ∂zr )
+(
1
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
1 −
1
3
B
1,j− q
2
−m1
0 B
j− q
2
−m1,j− q2
0 )
·(∂lRL)x0(∂zr , el)
}
(R⊥,∗)j− q2 zr[P(Z, 0)]. (4.188)
By (4.24), (4.185)-(4.188), we get
V0b =
−2
9× (4pi)2j−q+3 I2j
∑
0≤m1,m2≤j− q2
(B
1,j− q
2
−m1
0 )
2
[
(B
j− q
2
−m1,j− q2
0 (4.189)
−2Bj−
q
2
−m1,j− q2
1 +B
j− q
2
−m1,j− q2
2 )Arss
+(B
j− q
2
−m1,j− q2
2 −B
j− q
2
−m1,j− q2
1 )Assr
+
1
2
(B
j− q
2
−m1,j− q2
1 −B
j− q
2
−m1,j− q2
0 )Aelrel
]
×
[
(B
j− q
2
−m2,j− q2
0 − 2B
j− q
2
−m2,j− q2
1 +B
j− q
2
−m2,j− q2
2 )Ars′s′
+(B
j− q
2
−m2,j− q2
2 −B
j− q
2
−m2,j− q2
1 )As′s′r
+
1
2
(B
j− q
2
−m2,j− q2
1 −B
j− q
2
−m2,j− q2
0 )Ael′rel′
]
(R⊥)(x)j− q2 (R⊥,∗)(x)j− q2 I2j .
When n = 4, j = 2 and q = 2, by (4.158), then∑
0≤m1≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′′1)(L−10 O+22 )j−
q
2
−m1PN (0, Z)
= I4(L−10 O+22 )(L−10 PN
⊥O′′1)PN (0, Z) =
−5√−1
144pi
R0Φ̂(∂zs)zsPN (0, Z). (4.190)
Set
V1b =
∑
0≤m1,m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′′1)(L−10 O+22 )j−
q
2
−m1PN
×(O−22 L−10 )m2(O′1L−10 PN
⊥
)(O−22 L−10 )j−
q
2
−m2I2j. (4.191)
V2b =
∑
0≤m1,m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′1)(L−10 O+22 )j−
q
2
−m1PN
×(O−22 L−10 )m2(O′′1L−10 PN
⊥
)(O−22 L−10 )j−
q
2
−m2I2j . (4.192)
43
V3b =
∑
0≤m1,m2≤j− q2
I2j(L−10 O+22 )m1(L−10 PN
⊥O′′1)(L−10 O+22 )j−
q
2
−m1PN
×(O−22 L−10 )m2(O′′1L−10 PN
⊥
)(O−22 L−10 )j−
q
2
−m2I2j . (4.193)
By (4.187),(4.188) and (4.190), then
V1b =
5
√−1
144× 16pi3R
0Φ̂(∂zr)
{
(
4
3
B1,10 B
1,1
0 −
8
3
B1,10 B
1,1
1
+
4
3
B1,10 B
1,1
2 )(∂zrR
L)x0(∂zl , ∂zl)
+(
4
3
B1,10 B
1,1
2 −
4
3
B1,10 B
1,1
1 )(∂zαR
L)x0(∂zα , ∂zr)
+(
1
3
B1,10 B
1,1
1 −
1
3
B1,10 B
1,1
0 )
·(∂lRL)x0(∂zr , el)
}
Idet(W ∗)⊗ER⊥,∗I4 (4.194)
V2b =
5
√−1
144× 16pi3
{
(
4
3
B1,10 B
1,1
0
−8
3
B1,10 B
1,1
1 +
4
3
B1,10 B
1,1
2 )(∂zrR
L)x0(∂zl , ∂zl)
+(
4
3
B1,10 B
1,1
2 −
4
3
B1,10 B
1,1
1 )(∂zαR
L)x0(∂zα , ∂zr)
+(
1
3
B1,10 B
1,1
1 −
1
3
B1,10 B
1,1
0 )
·(∂lRL)x0(∂zr , el)
}R⊥Idet(W ∗)⊗EΦ̂(∂zr)∗R0.∗I4 (4.195)
V 3b =
25
(144pi)2
R0Φ̂(∂zr)Idet(W ∗)⊗EΦ̂∗(∂zr)R0.∗I4. (4.196)
By (4.85),(4.184),(4.191)-(4.193), we get
Vb = V
0
b + V
1
b + V
2
b + V
3
b . (4.197)
4.4 The computations of the term IV
In this section, we will compute the term IV. By the discussions after (4.2), for
l = 1, then 4j ≤ 2q + 2k − 2 ≤ 4j + 1, so k = 2j − q + 1. There are 2j − 1 − q Ori
equal to O2 and 1 equal to O3 and 1 equal to O1. When l1 = 1, by (3.16) and (3.17),
then i0 = j + 1− q2 is unique. When l1 = 0, then i0 = j + 2− q2 . So
IV = IVa + IVb + IVc + IV
∗
a + IV
∗
b + IV
∗
c , (4.198)
where
IVa =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN (O−22 L−10 )m1(O1L−10 )
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·(O−22 L−10 )m2(O−23 L−10 )(O−22 L−10 )j−
q
2
−1−m1−m2I2j ; (4.199)
IVb =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN (O−22 L−10 )m1(O−23 L−10 )
·(O−22 L−10 )m2(O1L−10 )(O−22 L−10 )j−
q
2
−1−m1−m2I2j ; (4.200)
IVc =
∑
0≤m1≤j− q2−1
∑
0≤m2≤j− q2
I2j(L−10 O+22 )m1(L−10 O+23 )(L−10 O+22 )j−
q
2
−1−m1PN
·(O−22 L−10 )m2(O1L−10 )(O−22 L−10 )j−
q
2
−m2I2j . (4.201)
By (3.15) in [PZ], then
O+23 = zj′
∂R.
∂zj′
(0) + zj′
∂R.
∂zj′
(0). (4.202)
By (4.199), we have
IVa =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 O+23 )(L−10 O+22 )m2(L−10 O1)(L−10 O+22 )m1PN ]∗I2j . (4.203)
Set
IV1a =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 O+23 )(L−10 O+22 )m2(L−10 O′1)(L−10 O+22 )m1PN ]∗I2j . (4.204)
IV2a =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 O+23 )(L−10 O+22 )m2(L−10 O′′1 )(L−10 O+22 )m1PN ]∗I2j . (4.205)
By (4.99)-(4.101) and direct computations, then[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R.
∂zj′
(0))A2P
]
(0, Z) = 0, (4.206)
[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R.
∂zj′
(0))Rm1+m2
· 1
(4pi)m1+m2+1
B1,m10 B
m1,m1+m2
1 A3P
]
(0, Z)
=
2
(4pi)j−
q
2
+1
B1,m10 B
m1,m1+m2
1 (B
m1+m2+1,j− q2
0 −B
m1+m2+1,j− q2
1 )
·(R⊥)j− q2−1−m1−m2 ∂R
⊥.
∂zj′
(0)(R⊥)m1+m2 [ 2
3pi
(∂zrR
L)x0(∂zr , ∂zj′ )
+
2
3pi
(∂zj′R
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′′R
L)x0(∂zj′ , ej′′)]P(0, Z), (4.207)
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[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R⊥.
∂zj′
(0))
·(R⊥)m1+m2 · 1
(4pi)m1+m2+1
B1,m10 B
m1,m1+m2
2 A4P
]
(0, Z)
=
4
3pi × (4pi)j− q2+1
B1,m10 B
m1,m1+m2
2 (B
m1+m2+1,j− q2
2 −B
m1+m2+1,j− q2
1 )
·Rj− q2−1−m1−m2 ∂R
⊥.
∂zj′
(0)(R⊥)m1+m2
·[(∂zrRL)x0(∂zr , ∂zj′ ) + (∂zj′RL)x0(∂zr , ∂zr)]P(0, Z), (4.208)
[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R⊥.
∂zj′
(0))(R⊥)m1+m2
· 1
(4pi)m1+m2+1
B1,m10 B
m1,m1+m2
0 A2P
]
(0, Z)
=
1
3pi × (4pi)j− q2+1
B1,m10 B
m1,m1+m2
0 (B
m1+m2+1,j− q2
0 −B
m1+m2+1,j− q2
1 )
·(R⊥)j− q2−1−m1−m2 ∂R
⊥.
∂zj′
(0)(R⊥)m1+m2 [4(∂zj′RL)x0(∂zr , ∂zr)
+4(∂zrR
L)x0(∂zj′ , ∂zr)− (∂j′′RL)x0(∂zj′ , ej′′)]P(0, Z), (4.209)[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R⊥.
∂zj′
(0))(R⊥)m1+m2
· 1
(4pi)m1+m2+1
B1,m10 B
m1,m1+m2
1 A3P
]
(0, Z)
=
4
3pi × (4pi)j− q2+1
B1,m10 B
m1,m1+m2
1 (B
m1+m2+1,j− q2
2 −B
m1+m2+1,j− q2
1 )
·(R⊥)j− q2−1−m1−m2 ∂R
⊥.
∂zj′
(0)(R⊥)m1+m2
·[(∂zj′RL)x0(∂zr , ∂zr) + (∂zrRL)x0(∂zj′ , ∂zr)], (4.210)[
(L−10 O+22 )j−
q
2
−1−m1−m2L−10 (zj′
∂R⊥.
∂zj′
(0))(R⊥)m1+m2
· 1
(4pi)m1+m2+1
B1,m10 B
m1,m1+m2
2 A4P
]
(0, Z) = 0. (4.211)
By (4.96),(4.202),(4.204) and (4.206)-(4.211), we get
IV1a =
−1
2j−
q
2 (j − q2)!(4pi)2j−q+1 × 3pi
∑
0≤m1+m2≤j− q2−1
B1,m10 I2j(R⊥)(x)j−
q
2
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×
[
(Bm1,m1+m21 B
m1+m2+1,j− q2
0 −B
m1,j− q2
1
+B
m1,j− q2
2 −Bm1,m1+m22 B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1+m2(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1−m2(Arrl +Alrr)
−1
2
Bm1,m1+m21 (B
m1+m2+1,j− q2
0 −B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1+m2(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1−m2Aerler
+(Bm1,m1+m21 B
m1+m2+1,j− q2
2 −B
m1,j− q2
1
+B
m1,j− q2
0 −Bm1,m1+m20 B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1+m2(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1−m2(Alrr +Arlr)
−1
2
Bm1,m1+m20 (B
m1+m2+1,j− q2
0 −B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1+m2(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1−m2Aerler
]
I2j , (4.212)
When n = 4, q = 2 and j = 2, we have
IV 2a = I4(L−10 O+22 )PN [(L−10 O+23 )(L−10 PN,⊥O′′1)PN ]∗I4. (4.213)
By (4.202) and (4.158), we know that
IV 2a =
√−1
192pi3
R⊥Idet(W ∗)⊗E [
1
3
Φ̂∗(∂zr)
∂R0,∗
∂zr
+
1
2
Φ̂(∂zr)
∂R0,∗
∂zr
]I4. (4.214)
By (4.203)-(4.205), we get
IVa = IV
1
a + IV
2
a . (4.215)
Nextly, we compute the term IVb.
By (4.200), we have
IVb =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 O1)(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1PN ]∗I2j . (4.216)
By (4.202), then
(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1P
=
1
(4pi)m1+m2+1
B1,m1+m2+10 Rm2
∂R.
∂zj′
(0)Rm1zj′P
+
1
2pi × (4pi)m1+m2+1B
1,m1
0 B
m1+1,m1+m2+1
1 Rm2
∂R.
∂zj′
(0)Rm1bj′P
+
1
(4pi)m1+m2+1
B1,m1+m2+10 Rm2
∂R.
∂zj′
(0)Rm1z′j′P. (4.217)
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By (4.97) and (4.217) and direct computations, we know that after integration
(A1 +A2 +A3 +A4)(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1P
=
1
2pi × (4pi)m1+m2+1B
1,m1
0 B
m1+1,m1+m2+1
1 (R⊥)m2
∂R⊥.
∂zj′′
(0)(R⊥)m1(bj′′zj′ + 2δj′j′′)P
×[4
3
(∂zj′R
L)x0(∂zα , ∂zα) +
4
3
(∂zαR
L)x0(∂zj′ , ∂zα)−
1
3
(∂αR
L)x0(∂zj′ , eα)]
− 1
3pi × (4pi)m1+m2+1B
1,m1
0 B
m1+1,m1+m2+1
1 (R⊥)m2
∂R⊥.
∂zj′
(0)(R⊥)m1
·(∂zβRL)x0(∂zα , ∂zl)(2δlj′bαzβ + 4δlj′δαβ)P
+
1
(4pi)m1+m2+1
B1,m1+m2+10 (R⊥)m2
∂R⊥.
∂zj′
(0)(R⊥)m1bαzj′P
×[ 2
3pi
(∂zrR
L)x0(∂zr , ∂zα) +
2
3pi
(∂zαR
L)x0(∂zr , ∂zr)−
1
6pi
(∂j′′R
L)x0(∂zα , ej′′)]
+
1
3pi × (4pi)m1+m2+1B
1,m1
0 B
m1+1,m1+m2+1
1 (R⊥)m2
∂R⊥.
∂zj′
(0)(R⊥)m1
·(∂zj′′RL)x0(∂zα , ∂zl)(blbj′zαzj′′ + 2δαj′blzj′′ + 2δj′j′′blzα)P
+
1
3pi × (4pi)m1+m2+1B
1,m1+m2+1
0 (R⊥)m2
∂R⊥.
∂zj′
(0)(R⊥)m1
·(∂zrRL)x0(∂zα , ∂zl)blbrzαzj′P (4.218)
Set
IV1b =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 (A1 +A2 +A3 +A4))(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1PN ]∗I2j . (4.219)
IV2b =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 A5)(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1PN ]∗I2j . (4.220)
IV3b =
∑
0≤m1+m2≤j− q2−1
I2j(L−10 O+22 )j−
q
2PN [(L−10 O+22 )j−
q
2
−1−m1−m2
·(L−10 O′′1 )(L−10 O+22 )m2(L−10 O+23 )(L−10 O+22 )m1PN ]∗I2j . (4.221)
Then
IVb = IV
1
b + IV
2
b + IV
3
b . (4.222)
By (4.218), we get
IV1b =
1
2j−
q
2 (j − q2)!(4pi)2j−q+1 × 3pi
∑
0≤m1+m2≤j− q2−1
I2j(R⊥)(x)j−
q
2
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·Idet(W ∗)⊗E
[
(−2B1,m10 Bm1+1,m1+m2+11 B
m1+m2+1,j− q2
0
+2B1,m10 B
m1+1,m1+m2+1
1 B
m1+m2+1,j− q2
1
−B1,m10 Bm1+1,m1+m2+11 B
m1+m2+1,j− q2
2 +B
1,m1
0 B
m1+1,m1+m2+1
1 B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1Arlr
−(B1,m10 Bm1+1,m1+m2+11 B
m1+m2+1,j− q2
0 −B1,m10 Bm1+1,m1+m2+11 B
m1+m2+1,j− q2
1
+B1,m10 B
m1+1,m1+m2+1
1 B
m1+m2+1,j− q2
2 −B1,m10 Bm1+1,m1+m2+11 B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1Alrr
+(B1,m1+m2+10 B
m1+m2+1,j− q2
1 −B1,m1+m2+10 B
m1+m2+1,j− q2
2 )
·(R⊥,∗(x))m1(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1(Arrl +Alrr)
+
1
2
B1,m10 B
m1+1,m1+m2+1
1 (B
m1+m2+1,j
0 −B
m1+m2+1,j− q2
1 )
·(R⊥,∗(x))m1(∇∧0,•⊗Ewl (R.))⊥,∗(R⊥,∗(x))j−
q
2
−1−m1Aerler
−1
2
B1,m1+m2+10 B
m1+m2+1,j− q2
1 (R⊥,∗(x))m1
·(∇∧0,•⊗Ewl (R.))∗(R⊥,∗(x))j−
q
2
−1−m1Aerler
]
, (4.223)
By (4.220), when n = 4, q = 2 and j = 2
IV2b = I4(L−10 O+22 )PN [(L−10 A5)(L−10 O+23 )PN ]∗I4. (4.224)
Then (4.102) and (4.202), we obtain
IV 2b =
1
8pi4
R⊥Idet(W ∗)⊗E [
−1
144
(∂zrR
L)x0(∂zα , ∂zα)
∂R⊥,∗
∂zr
+
1
192
(∂j′R
L)x0(∂zr , ej′)
∂R⊥,∗
∂zr
]I4. (4.225)
When n = 4, q = 2 and j = 2,
IV 3b = 0. (4.226)
Set
IV1c =
∑
0≤m1≤j− q2−1
∑
0≤m2≤j− q2
I2j(L−10 O+22 )m1(L−10 O+23 )(L−10 O+22 )j−
q
2
−1−m1PN
·(O−22 L−10 )m2(O′1L−10 )(O−22 L−10 )j−
q
2
−m2I2j . (4.227)
IV2c =
∑
0≤m1≤j− q2−1
∑
0≤m2≤j− q2
I2j(L−10 O+22 )m1(L−10 O+23 )(L−10 O+22 )j−
q
2
−1−m1PN
·(O−22 L−10 )m2(O′′1L−10 )(O−22 L−10 )j−
q
2
−m2I2j. (4.228)
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Then
IVc = IV
1
c + IV
2
c . (4.229)
By (4.24), (4.187) and (4.217), we get
IV1c =
∑
0≤m1≤j− q2−1
∑
0≤m2≤j− q2
1
3pi × (4pi)2j−q+1
·(B1,j−
q
2
0 −B
1,j− q
2
−m1−1
0 B
j− q
2
−m1,j− q2
1 )(R⊥)(x)m1
·(∇∧0,•⊗Ewl (R.))⊥(R⊥)(x)j−
q
2
−1−m1Idet(W ∗)⊗E(R⊥,∗(x))j−
q
2
·
[
(B
1,j− q
2
−m2
0 B
j− q
2
−m2,j− q2
0 − 2B
1,j− q
2
−m2
0 B
j− q
2
−m2,j− q2
1
+B
1,j− q
2
−m2
0 B
j− q
2
−m2,j− q2
2 )Alrr
−(B1,j−
q
2
−m2
0 B
j− q
2
−m2,j− q2
1 −B
1,j− q
2
−m2
0 B
j− q
2
−m2,j− q2
2 )Arrl
−1
2
(B
1,j− q
2
−m2
0 B
j− q
2
−m2,j− q2
0 −B
1,j− q
2
−m2
0 B
j−m2,j− q2
1 )Aerler
]
, (4.230)
By (4.228), when n = 4, j = 2 and q = 2, one has
IV2c = I4(L−10 O+23 )PN (L−10 O+22 L−10 O′′1PN )∗I4. (4.231)
Similar to IV 2b , we obtain
IV 2c =
5
√−1
24 × 144pi3 I4
∂R⊥
∂zr
Idet(W ∗)⊗EΦ̂
∗(∂zr)R0,∗I4. (4.232)
As in [PZ, p.20], we may write the above formulas in the intrinsic way. When n = 4,
j = 2 and q = 2, by (4.1), (4.3), (4.4)-(4.8), (4.11), (4.34), (4.37), (4.76), (4.79)-(4.83),
(4.86), (4.151)-(4.153), (4.159), (4.162)-(4.172), (4.182), (4.183), (4.189), (4.194)-
(4.198), (4.212), (4.214), (4.215), (4.222), (4.223), (4.225), (4.226), (4.229), (4.230),
(4.232), we prove Theorem 1.4. ✷
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